
subtyping



class Cat { 
  func makeNoise() { 
    print("meow!") 
  } 
} 

class Dog { 
  func makeNoise() { 
    print("woof!") 
  } 
}



let cats: [Cat] = [Cat(), Cat()] 
let dogs: [Dog] = [Dog(), Dog()] 

cats.map { (c) in c.makeNoise() } 
dogs.map { (d) in d.makeNoise() }



let harmony = [Cat(), Dog()]



let harmony = [Cat(), Dog()] 

// harmony: [?]



let harmony = [Cat(), Dog()] 

// harmony.map { (a) in a.makeNoise() }



let harmony = [Cat(), Dog()] 



class Animal { 
  func makeNoise() {} 
} 

class Cat: Animal { 
  override func makeNoise() { 
    print("meow!") 
  } 
} 

class Dog: Animal { 
  override func makeNoise() { 
    print("woof!") 
  } 
}



let harmony: [Animal] = [Cat(), Dog()] 

harmony.map { (a) in a.makeNoise() }



func sayHi(_ animal: Animal) { 
  print("hi!") 
  animal.makeNoise() 
} 

sayHi(Cat()) 

sayHi(Dog())



protocol Noisy { 
  func makeNoise() 
} 

protocol Pettable { 
  func pet() 
} 

class Cat: Noisy, Pettable { 
  func makeNoise() { 
    print("meow!") 
  } 
  func pet() { 
    self.makeNoise() 
  } 
}



let harmony: [Any] = [Cat(), Dog()] 



let harmony: [Any] = [Cat(), Dog()] 



what do these have 
in common?



subsumption

if e has type σ

and σ is a subtype of τ

then e has type τ



subsumption

Γ ⊢ e : σ σ <: τ
Γ ⊢ e : τ
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type big = { x: t1, y: t2, z: t3 } 
type small = { x: t1, y: t2 } 

fun f (s : small) = #x s 
val b = { x = 1, y = 2, z = 3 } 

(* f b *) 
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variant width
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datatype big =  
  Xb of t1  
| Yb of t2  
| Zb of t3 

datatype small =  
  Xs of t1  
| Ys of t2



big product

small product

small sum

big sum



Mittens

Calico Tabby
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List Bool
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Any

Nothing
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any value is an instance of Any 

what is an instance of Nothing?



⊤
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⊥
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lattices
joins and meets



consequences of the bottom type?



ascription and casting

Γ ⊢ e : τ
Γ ⊢ e as τ : τ

<latexit sha1_base64="Sk9gbZF6XOS3QMrm2clG+7XffMU="></latexit><latexit sha1_base64="Sk9gbZF6XOS3QMrm2clG+7XffMU="></latexit><latexit sha1_base64="Sk9gbZF6XOS3QMrm2clG+7XffMU="></latexit><latexit sha1_base64="Sk9gbZF6XOS3QMrm2clG+7XffMU="></latexit>



ascription and casting

Γ ⊢ e : τ
Γ ⊢ e as τ : τ

<latexit sha1_base64="Sk9gbZF6XOS3QMrm2clG+7XffMU="></latexit><latexit sha1_base64="Sk9gbZF6XOS3QMrm2clG+7XffMU="></latexit><latexit sha1_base64="Sk9gbZF6XOS3QMrm2clG+7XffMU="></latexit><latexit sha1_base64="Sk9gbZF6XOS3QMrm2clG+7XffMU="></latexit>

completely useless, right?



ascription and casting

Γ ⊢ e : σ
Γ ⊢ e as τ : τ

<latexit sha1_base64="U2iUVfHHcyDmVW6jgZcRa26FlNc="></latexit><latexit sha1_base64="U2iUVfHHcyDmVW6jgZcRa26FlNc="></latexit><latexit sha1_base64="U2iUVfHHcyDmVW6jgZcRa26FlNc="></latexit><latexit sha1_base64="U2iUVfHHcyDmVW6jgZcRa26FlNc="></latexit>



ascription and casting

Γ ⊢ e : σ
Γ ⊢ e as τ : τ

<latexit sha1_base64="U2iUVfHHcyDmVW6jgZcRa26FlNc="></latexit><latexit sha1_base64="U2iUVfHHcyDmVW6jgZcRa26FlNc="></latexit><latexit sha1_base64="U2iUVfHHcyDmVW6jgZcRa26FlNc="></latexit><latexit sha1_base64="U2iUVfHHcyDmVW6jgZcRa26FlNc="></latexit>

how do we make this safe at runtime?



functions

σ1 <: τ1 σ2 <: τ2
σ1 → σ2 <: τ1 → τ2
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functions

σ1 <: τ1 σ2 <: τ2
σ1 → σ2 <: τ1 → τ2

<latexit sha1_base64="Tzmzb82+FCHKrS1OXKJ12v2F5Kw="></latexit><latexit sha1_base64="1LvfAQKkS7+VmC0atDiYbGp53Kk="></latexit><latexit sha1_base64="1LvfAQKkS7+VmC0atDiYbGp53Kk="></latexit><latexit sha1_base64="JHqY+QG9NI+8NFCz6bXPOg/+3BE="></latexit>



functions

τ1 <: σ1 σ2 <: τ2
σ1 → σ2 <: τ1 → τ2

<latexit sha1_base64="ZVU0RFVmtaKKtGkzcVRczu/xdbI="></latexit><latexit sha1_base64="8xuSGWxndp2IYJzIiOlSUehhNa4="></latexit><latexit sha1_base64="8xuSGWxndp2IYJzIiOlSUehhNa4="></latexit><latexit sha1_base64="vBgB9Jyfq43mDlSW3TtpnCDX7MM="></latexit>

functions are covariant in the codomain 
and contravariant in the domain!



references

σ <: τ
σ ref <: τ ref

<latexit sha1_base64="ALdf6kNpUGp4tz8549DQ7q/clRk="></latexit><latexit sha1_base64="ALdf6kNpUGp4tz8549DQ7q/clRk="></latexit><latexit sha1_base64="ALdf6kNpUGp4tz8549DQ7q/clRk="></latexit><latexit sha1_base64="ALdf6kNpUGp4tz8549DQ7q/clRk="></latexit>



references

σ <: τ
σ ref <: τ ref

<latexit sha1_base64="ALdf6kNpUGp4tz8549DQ7q/clRk="></latexit><latexit sha1_base64="ALdf6kNpUGp4tz8549DQ7q/clRk="></latexit><latexit sha1_base64="ALdf6kNpUGp4tz8549DQ7q/clRk="></latexit><latexit sha1_base64="ALdf6kNpUGp4tz8549DQ7q/clRk="></latexit>



references

σ <: τ τ <: σ
σ ref <: τ ref

<latexit sha1_base64="Z0kPoqXTz6+A2hz/I2bO5M4TAks="></latexit><latexit sha1_base64="Z0kPoqXTz6+A2hz/I2bO5M4TAks="></latexit><latexit sha1_base64="Z0kPoqXTz6+A2hz/I2bO5M4TAks="></latexit><latexit sha1_base64="Z0kPoqXTz6+A2hz/I2bO5M4TAks="></latexit>



references

in effect, the types have to be equal,  
making references invariant! 
(modulo field reordering)

σ <: τ τ <: σ
σ ref <: τ ref

<latexit sha1_base64="Z0kPoqXTz6+A2hz/I2bO5M4TAks="></latexit><latexit sha1_base64="Z0kPoqXTz6+A2hz/I2bO5M4TAks="></latexit><latexit sha1_base64="Z0kPoqXTz6+A2hz/I2bO5M4TAks="></latexit><latexit sha1_base64="Z0kPoqXTz6+A2hz/I2bO5M4TAks="></latexit>



sources and sinks

Γ ⊢ e : τ src
Γ ⊢ !e : τ

<latexit sha1_base64="C52VMfR3kBZw88gigmNHwo1eiPg="></latexit><latexit sha1_base64="C52VMfR3kBZw88gigmNHwo1eiPg="></latexit><latexit sha1_base64="C52VMfR3kBZw88gigmNHwo1eiPg="></latexit><latexit sha1_base64="C52VMfR3kBZw88gigmNHwo1eiPg="></latexit>

Γ ⊢ e1 : τ sink Γ ⊢ e2 : τ
Γ ⊢ e1 := e2 : unit

<latexit sha1_base64="3C49wygj0maAnOmK879sFhMsTdM="></latexit><latexit sha1_base64="urquSKaGT46ZFKqVyTicgnOo69g="></latexit><latexit sha1_base64="urquSKaGT46ZFKqVyTicgnOo69g="></latexit><latexit sha1_base64="aGbgq66BzyZaWF3kByVZ0Y1gG9k="></latexit>

also called “capabilities”



sources and sinks

σ <: τ
σ src <: τ src

<latexit sha1_base64="1dng+u/oW0FDZTXYZA9ISe+egm0="></latexit><latexit sha1_base64="spiM6Gozrvu9Re47jTlucVSFzBw="></latexit><latexit sha1_base64="spiM6Gozrvu9Re47jTlucVSFzBw="></latexit><latexit sha1_base64="zP3/7L4SbU9q1lCtA2C5cdlBcRU="></latexit>

τ <: σ
σ sink <: τ sink

<latexit sha1_base64="q0b89K88a5x6GEffh+dSAgW7FxE="></latexit><latexit sha1_base64="GUPY3bJwRKjo23/nT/QjMhOKpwU="></latexit><latexit sha1_base64="GUPY3bJwRKjo23/nT/QjMhOKpwU="></latexit><latexit sha1_base64="Y5w6ebkD66LvS7knWcYEQKoucCI="></latexit>

τ ref <: τ src
<latexit sha1_base64="6JGkQJSLM9f2LXC1SwByhozbsK4="></latexit><latexit sha1_base64="6JGkQJSLM9f2LXC1SwByhozbsK4="></latexit><latexit sha1_base64="6JGkQJSLM9f2LXC1SwByhozbsK4="></latexit><latexit sha1_base64="Sv7c93li2DzWA/tO5v07W2tRbQE="></latexit>

τ ref <: τ sink
<latexit sha1_base64="kynRMqlmjgy1+ucAgk+xt2hlXDA="></latexit><latexit sha1_base64="kynRMqlmjgy1+ucAgk+xt2hlXDA="></latexit><latexit sha1_base64="kynRMqlmjgy1+ucAgk+xt2hlXDA="></latexit><latexit sha1_base64="eiTtg1z2rO+7buB7SEhEDtMmSZ8="></latexit>



arrays

generalized references, so invariant?



arrays

what problems does this cause?

σ <: τ
σ [] <: τ []

<latexit sha1_base64="DYjtkf4fFO8OACZfTeLFbha46dA="></latexit><latexit sha1_base64="uMB8W6/z3Ke7Sy6XWltNLpe2G64="></latexit><latexit sha1_base64="uMB8W6/z3Ke7Sy6XWltNLpe2G64="></latexit><latexit sha1_base64="BY2YGq8wgJkUFB1LZbXEB3cL4CA="></latexit>



logic

σ <: τ1 σ <: τ2
σ <: τ1 ∧ τ2

<latexit sha1_base64="0yuZwiRXqGtXJPcW70KH2vMoQy4="></latexit><latexit sha1_base64="f+nUP/5AvG/WMhSSrqs/1trHdQ0="></latexit><latexit sha1_base64="f+nUP/5AvG/WMhSSrqs/1trHdQ0="></latexit><latexit sha1_base64="yMaVdMojQoZ2NvgdUFcUwFEYJD0="></latexit>

σ <: τ1
σ <: τ1 ∨ τ2
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σ <: τ2
σ <: τ1 ∨ τ2

<latexit sha1_base64="oWft7Xke1IFQmQXygEwcMTO9x0s="></latexit><latexit sha1_base64="KalWQYGtS+wS/LUtd1EHnwA6+Ww="></latexit><latexit sha1_base64="KalWQYGtS+wS/LUtd1EHnwA6+Ww="></latexit><latexit sha1_base64="FsKjw64+Tdd5opeFHHrju+XuShk="></latexit>



List<?>    // just ‘a list



List<? extends Animal>  // no ML equiv.



List<? extends Any>



List<? super Cat>



List<? extends Noisy & Pettable>



List<? extends Animal & Comparable<?>>

“F-bounded polymorphism”



bounded quantification is a rich topic… 

typechecking easily made undecidable!



List<? extends Integer & GreaterThan<1>>



parametric vs. inclusion polymorphism 

closed vs. open type extension 

behavioral subtyping 

refinement types 

dependent types 

type theory becomes richer 

but checking becomes undecidable… 

and OOP dogma shows up too (cf. Liskov)



further reading

ch. 24, 25 of PFPL (by Harper) 

ch. 15, 16, 26, 28 of TaPL (by Pierce)


