
pure type systems



fn (x : t) => e

e1(e2)



e1(e2)
<latexit sha1_base64="hqayoWFt3Fv0K2AzQ0YKzuyiO2Y="></latexit><latexit sha1_base64="hqayoWFt3Fv0K2AzQ0YKzuyiO2Y="></latexit><latexit sha1_base64="hqayoWFt3Fv0K2AzQ0YKzuyiO2Y="></latexit><latexit sha1_base64="335roHvBuRcySehRaVgdbEjdCbQ="></latexit><latexit sha1_base64="5M/asQEs76xteiIHzoDJGVsbQ9w="></latexit><latexit sha1_base64="QMRep9c/8A4W0isEH2fOSdFjN1U="></latexit><latexit sha1_base64="2d7UIIIm51l8ww5GXIDbormHwIw="></latexit><latexit sha1_base64="hqayoWFt3Fv0K2AzQ0YKzuyiO2Y="></latexit><latexit sha1_base64="hqayoWFt3Fv0K2AzQ0YKzuyiO2Y="></latexit><latexit sha1_base64="hqayoWFt3Fv0K2AzQ0YKzuyiO2Y="></latexit><latexit sha1_base64="hqayoWFt3Fv0K2AzQ0YKzuyiO2Y="></latexit><latexit sha1_base64="hqayoWFt3Fv0K2AzQ0YKzuyiO2Y="></latexit><latexit sha1_base64="hqayoWFt3Fv0K2AzQ0YKzuyiO2Y="></latexit>

λ (x : τ)e
<latexit sha1_base64="yeXPg7rWQr5Y9WrVZuQ1gs4Owao="></latexit><latexit sha1_base64="yeXPg7rWQr5Y9WrVZuQ1gs4Owao="></latexit><latexit sha1_base64="yeXPg7rWQr5Y9WrVZuQ1gs4Owao="></latexit><latexit sha1_base64="yeXPg7rWQr5Y9WrVZuQ1gs4Owao="></latexit>



fn (x : ’a) => e

(e1 : t1 -> t2)(e2)



e1[t1 ! t2](e2)
<latexit sha1_base64="cp3NkYHZlwuCrG94EHEiXyD6C30="></latexit><latexit sha1_base64="cp3NkYHZlwuCrG94EHEiXyD6C30="></latexit><latexit sha1_base64="cp3NkYHZlwuCrG94EHEiXyD6C30="></latexit><latexit sha1_base64="NjtUv5MUr4eib/fJkxB3QlJD18E="></latexit><latexit sha1_base64="pnbMrNGsY35AoBmWg2qB3wuKOU0="></latexit><latexit sha1_base64="6NuTBb2nGdNYYPd+A93MDrfW2hg="></latexit><latexit sha1_base64="75dHyy6JfKUAx6nEH10BqGoVcao="></latexit><latexit sha1_base64="cp3NkYHZlwuCrG94EHEiXyD6C30="></latexit><latexit sha1_base64="cp3NkYHZlwuCrG94EHEiXyD6C30="></latexit><latexit sha1_base64="cp3NkYHZlwuCrG94EHEiXyD6C30="></latexit><latexit sha1_base64="cp3NkYHZlwuCrG94EHEiXyD6C30="></latexit><latexit sha1_base64="cp3NkYHZlwuCrG94EHEiXyD6C30="></latexit><latexit sha1_base64="cp3NkYHZlwuCrG94EHEiXyD6C30="></latexit>

Λ (t)λ (x : t)e
<latexit sha1_base64="hueOsIO7Y5WKvcAWLYU9TgU2KSo="></latexit><latexit sha1_base64="hueOsIO7Y5WKvcAWLYU9TgU2KSo="></latexit><latexit sha1_base64="hueOsIO7Y5WKvcAWLYU9TgU2KSo="></latexit><latexit sha1_base64="NjtUv5MUr4eib/fJkxB3QlJD18E="></latexit><latexit sha1_base64="1Y9qddz/twmjLRFyigZWflXbiEw="></latexit><latexit sha1_base64="8TW/BiysGbIisat7HQfAodWJXhg="></latexit><latexit sha1_base64="O4JFIS0SHvBGnSDqIQe9WuEY+kY="></latexit><latexit sha1_base64="hueOsIO7Y5WKvcAWLYU9TgU2KSo="></latexit><latexit sha1_base64="hueOsIO7Y5WKvcAWLYU9TgU2KSo="></latexit><latexit sha1_base64="hueOsIO7Y5WKvcAWLYU9TgU2KSo="></latexit><latexit sha1_base64="hueOsIO7Y5WKvcAWLYU9TgU2KSo="></latexit><latexit sha1_base64="hueOsIO7Y5WKvcAWLYU9TgU2KSo="></latexit><latexit sha1_base64="hueOsIO7Y5WKvcAWLYU9TgU2KSo="></latexit>



e ::= x
| λ (x : τ)e
| e1(e2)
| Λ (t)e
| e[τ]

<latexit sha1_base64="z6faNYSYf1m4TguDCdc6ulCil3s="></latexit><latexit sha1_base64="z6faNYSYf1m4TguDCdc6ulCil3s="></latexit><latexit sha1_base64="z6faNYSYf1m4TguDCdc6ulCil3s="></latexit><latexit sha1_base64="z6faNYSYf1m4TguDCdc6ulCil3s="></latexit>

τ ::= t
| τ1 ! τ2
| 8t.τ

<latexit sha1_base64="TwC4nB7Jep9upjvZKGvUGHkDuc0="></latexit><latexit sha1_base64="TwC4nB7Jep9upjvZKGvUGHkDuc0="></latexit><latexit sha1_base64="TwC4nB7Jep9upjvZKGvUGHkDuc0="></latexit><latexit sha1_base64="TwC4nB7Jep9upjvZKGvUGHkDuc0="></latexit>

System F



second-order logic

τ proposition

e proof

! =)

λ proof assumption

application proof application

8 8

Λ proof quantification

type application proof specialization

take 312! 9
<latexit sha1_base64="TW5dNJAkS4SBRYdatjrFQBKV35g="></latexit><latexit sha1_base64="TW5dNJAkS4SBRYdatjrFQBKV35g="></latexit><latexit sha1_base64="TW5dNJAkS4SBRYdatjrFQBKV35g="></latexit><latexit sha1_base64="TW5dNJAkS4SBRYdatjrFQBKV35g="></latexit>



term / term type / term

abstraction λ (x : τ)e
<latexit sha1_base64="/KXK2+yUReNh8uZdk9taxHPfalY="></latexit><latexit sha1_base64="9Gv4v7/JAfLKH7TMT5fisUAw0pA="></latexit><latexit sha1_base64="9Gv4v7/JAfLKH7TMT5fisUAw0pA="></latexit><latexit sha1_base64="R25FujoNgx5vyTEG+RBUzj6MHeY="></latexit>

Λ (t)e
<latexit sha1_base64="IuZUWBhom136cy72MtqsNB6deMQ="></latexit><latexit sha1_base64="qckg4hjUAwJybAl6SnpBtLDZKsA="></latexit><latexit sha1_base64="qckg4hjUAwJybAl6SnpBtLDZKsA="></latexit><latexit sha1_base64="KTYaERI//9+yp1t/SlUbK6Pw0KM="></latexit>

application e1(e2)
<latexit sha1_base64="tIh9LqKKRmm4wsKKzEiREnmtsVI="></latexit><latexit sha1_base64="Cim+y0f/fRAtiCOQsggS9TALr8U="></latexit><latexit sha1_base64="Cim+y0f/fRAtiCOQsggS9TALr8U="></latexit><latexit sha1_base64="4AZndtjIQ5jXxY4NLMW3iZLdQfo="></latexit>

e[τ]
<latexit sha1_base64="llLe/N/SGKdf/rq6syLcEyyYKvA="></latexit><latexit sha1_base64="llLe/N/SGKdf/rq6syLcEyyYKvA="></latexit><latexit sha1_base64="llLe/N/SGKdf/rq6syLcEyyYKvA="></latexit><latexit sha1_base64="llLe/N/SGKdf/rq6syLcEyyYKvA="></latexit>

type of abs τ1 ! τ2
<latexit sha1_base64="9tt+tXl7xFH6mHd+AU9JmCBoCqc="></latexit><latexit sha1_base64="9tt+tXl7xFH6mHd+AU9JmCBoCqc="></latexit><latexit sha1_base64="9tt+tXl7xFH6mHd+AU9JmCBoCqc="></latexit><latexit sha1_base64="9tt+tXl7xFH6mHd+AU9JmCBoCqc="></latexit>

8t.τ
<latexit sha1_base64="2g6PP3rg3GiSfq7CZzoHRGbHEi8="></latexit><latexit sha1_base64="2g6PP3rg3GiSfq7CZzoHRGbHEi8="></latexit><latexit sha1_base64="2g6PP3rg3GiSfq7CZzoHRGbHEi8="></latexit><latexit sha1_base64="2g6PP3rg3GiSfq7CZzoHRGbHEi8="></latexit>



type constructors

‘a list 

‘a -> ‘b 

Functor f 

Map k v



type constructors

‘a list 

‘a -> ‘b 

Functor f 

Map k v

list : * -> * 

-> : * -> * -> * 

Functor : * -> * 

Map : * -> * -> *



kinds

kind of types

not the same as arrow type!

κ ::= ⇤
| κ1 ! κ2

<latexit sha1_base64="69HBnKyO9bVRPxAxq8qe0H2IpXM="></latexit><latexit sha1_base64="69HBnKyO9bVRPxAxq8qe0H2IpXM="></latexit><latexit sha1_base64="69HBnKyO9bVRPxAxq8qe0H2IpXM="></latexit><latexit sha1_base64="69HBnKyO9bVRPxAxq8qe0H2IpXM="></latexit>



τ ::= t
| τ1 ! τ2
| 8 (t : κ)τ
| λ (t : κ)τ
| τ1 τ2

<latexit sha1_base64="/85JW6HswRo/5KsdmZNFrb6meMI="></latexit><latexit sha1_base64="/85JW6HswRo/5KsdmZNFrb6meMI="></latexit><latexit sha1_base64="/85JW6HswRo/5KsdmZNFrb6meMI="></latexit><latexit sha1_base64="/85JW6HswRo/5KsdmZNFrb6meMI="></latexit>

e ::= x
| λ (x : τ)e
| e1(e2)
| Λ (t : κ)e
| e[τ]

<latexit sha1_base64="l5wjVKX8QGEgiT2pgL63KPVlxPA="></latexit><latexit sha1_base64="l5wjVKX8QGEgiT2pgL63KPVlxPA="></latexit><latexit sha1_base64="l5wjVKX8QGEgiT2pgL63KPVlxPA="></latexit><latexit sha1_base64="l5wjVKX8QGEgiT2pgL63KPVlxPA="></latexit>

different!

system Fω



system Fω

foundation for ML-style type/module systems

as powerful as higher-order arithmetic!



type / type

τ1 τ2
<latexit sha1_base64="aNY7uFWXOdfUenP+HzcBDV2Kpyc="></latexit><latexit sha1_base64="aNY7uFWXOdfUenP+HzcBDV2Kpyc="></latexit><latexit sha1_base64="aNY7uFWXOdfUenP+HzcBDV2Kpyc="></latexit><latexit sha1_base64="aNY7uFWXOdfUenP+HzcBDV2Kpyc="></latexit>

term / term type / term

abs λ (x : τ)e
<latexit sha1_base64="/KXK2+yUReNh8uZdk9taxHPfalY="></latexit><latexit sha1_base64="9Gv4v7/JAfLKH7TMT5fisUAw0pA="></latexit><latexit sha1_base64="9Gv4v7/JAfLKH7TMT5fisUAw0pA="></latexit><latexit sha1_base64="R25FujoNgx5vyTEG+RBUzj6MHeY="></latexit>

Λ (t)e
<latexit sha1_base64="IuZUWBhom136cy72MtqsNB6deMQ="></latexit><latexit sha1_base64="qckg4hjUAwJybAl6SnpBtLDZKsA="></latexit><latexit sha1_base64="qckg4hjUAwJybAl6SnpBtLDZKsA="></latexit><latexit sha1_base64="KTYaERI//9+yp1t/SlUbK6Pw0KM="></latexit>

app e1(e2)
<latexit sha1_base64="tIh9LqKKRmm4wsKKzEiREnmtsVI="></latexit><latexit sha1_base64="Cim+y0f/fRAtiCOQsggS9TALr8U="></latexit><latexit sha1_base64="Cim+y0f/fRAtiCOQsggS9TALr8U="></latexit><latexit sha1_base64="4AZndtjIQ5jXxY4NLMW3iZLdQfo="></latexit>

e[τ]
<latexit sha1_base64="llLe/N/SGKdf/rq6syLcEyyYKvA="></latexit><latexit sha1_base64="llLe/N/SGKdf/rq6syLcEyyYKvA="></latexit><latexit sha1_base64="llLe/N/SGKdf/rq6syLcEyyYKvA="></latexit><latexit sha1_base64="llLe/N/SGKdf/rq6syLcEyyYKvA="></latexit>

“type” τ1 ! τ2
<latexit sha1_base64="9tt+tXl7xFH6mHd+AU9JmCBoCqc="></latexit><latexit sha1_base64="9tt+tXl7xFH6mHd+AU9JmCBoCqc="></latexit><latexit sha1_base64="9tt+tXl7xFH6mHd+AU9JmCBoCqc="></latexit><latexit sha1_base64="9tt+tXl7xFH6mHd+AU9JmCBoCqc="></latexit>

8t.τ
<latexit sha1_base64="2g6PP3rg3GiSfq7CZzoHRGbHEi8="></latexit><latexit sha1_base64="2g6PP3rg3GiSfq7CZzoHRGbHEi8="></latexit><latexit sha1_base64="2g6PP3rg3GiSfq7CZzoHRGbHEi8="></latexit><latexit sha1_base64="2g6PP3rg3GiSfq7CZzoHRGbHEi8="></latexit>

λ (t : κ)τ
<latexit sha1_base64="lJBo36l06+O8Q0XWRs2ByeYk7h0="></latexit><latexit sha1_base64="lJBo36l06+O8Q0XWRs2ByeYk7h0="></latexit><latexit sha1_base64="lJBo36l06+O8Q0XWRs2ByeYk7h0="></latexit><latexit sha1_base64="lJBo36l06+O8Q0XWRs2ByeYk7h0="></latexit>

κ1 ! κ2
<latexit sha1_base64="QET9AY2O1lPfmZjT5QhXt6ugfCM="></latexit><latexit sha1_base64="QET9AY2O1lPfmZjT5QhXt6ugfCM="></latexit><latexit sha1_base64="QET9AY2O1lPfmZjT5QhXt6ugfCM="></latexit><latexit sha1_base64="QET9AY2O1lPfmZjT5QhXt6ugfCM="></latexit>



dependent types

types that depend on values 

remember from last time?



type / type

τ1 τ2
<latexit sha1_base64="aNY7uFWXOdfUenP+HzcBDV2Kpyc="></latexit><latexit sha1_base64="aNY7uFWXOdfUenP+HzcBDV2Kpyc="></latexit><latexit sha1_base64="aNY7uFWXOdfUenP+HzcBDV2Kpyc="></latexit><latexit sha1_base64="aNY7uFWXOdfUenP+HzcBDV2Kpyc="></latexit>

term / term type / term

abs λ (x : τ)e
<latexit sha1_base64="/KXK2+yUReNh8uZdk9taxHPfalY="></latexit><latexit sha1_base64="9Gv4v7/JAfLKH7TMT5fisUAw0pA="></latexit><latexit sha1_base64="9Gv4v7/JAfLKH7TMT5fisUAw0pA="></latexit><latexit sha1_base64="R25FujoNgx5vyTEG+RBUzj6MHeY="></latexit>

Λ (t)e
<latexit sha1_base64="IuZUWBhom136cy72MtqsNB6deMQ="></latexit><latexit sha1_base64="qckg4hjUAwJybAl6SnpBtLDZKsA="></latexit><latexit sha1_base64="qckg4hjUAwJybAl6SnpBtLDZKsA="></latexit><latexit sha1_base64="KTYaERI//9+yp1t/SlUbK6Pw0KM="></latexit>

app e1(e2)
<latexit sha1_base64="tIh9LqKKRmm4wsKKzEiREnmtsVI="></latexit><latexit sha1_base64="Cim+y0f/fRAtiCOQsggS9TALr8U="></latexit><latexit sha1_base64="Cim+y0f/fRAtiCOQsggS9TALr8U="></latexit><latexit sha1_base64="4AZndtjIQ5jXxY4NLMW3iZLdQfo="></latexit>

e[τ]
<latexit sha1_base64="llLe/N/SGKdf/rq6syLcEyyYKvA="></latexit><latexit sha1_base64="llLe/N/SGKdf/rq6syLcEyyYKvA="></latexit><latexit sha1_base64="llLe/N/SGKdf/rq6syLcEyyYKvA="></latexit><latexit sha1_base64="llLe/N/SGKdf/rq6syLcEyyYKvA="></latexit>

“type” τ1 ! τ2
<latexit sha1_base64="9tt+tXl7xFH6mHd+AU9JmCBoCqc="></latexit><latexit sha1_base64="9tt+tXl7xFH6mHd+AU9JmCBoCqc="></latexit><latexit sha1_base64="9tt+tXl7xFH6mHd+AU9JmCBoCqc="></latexit><latexit sha1_base64="9tt+tXl7xFH6mHd+AU9JmCBoCqc="></latexit>

8t.τ
<latexit sha1_base64="2g6PP3rg3GiSfq7CZzoHRGbHEi8="></latexit><latexit sha1_base64="2g6PP3rg3GiSfq7CZzoHRGbHEi8="></latexit><latexit sha1_base64="2g6PP3rg3GiSfq7CZzoHRGbHEi8="></latexit><latexit sha1_base64="2g6PP3rg3GiSfq7CZzoHRGbHEi8="></latexit>

λ (t : κ)τ
<latexit sha1_base64="lJBo36l06+O8Q0XWRs2ByeYk7h0="></latexit><latexit sha1_base64="lJBo36l06+O8Q0XWRs2ByeYk7h0="></latexit><latexit sha1_base64="lJBo36l06+O8Q0XWRs2ByeYk7h0="></latexit><latexit sha1_base64="lJBo36l06+O8Q0XWRs2ByeYk7h0="></latexit>

term / type

Π (x : τ1)τ2
<latexit sha1_base64="TNZ5e+OARM4btOM8tv+IUG3ONUI="></latexit><latexit sha1_base64="TNZ5e+OARM4btOM8tv+IUG3ONUI="></latexit><latexit sha1_base64="TNZ5e+OARM4btOM8tv+IUG3ONUI="></latexit><latexit sha1_base64="TNZ5e+OARM4btOM8tv+IUG3ONUI="></latexit>

κ1 ! κ2
<latexit sha1_base64="QET9AY2O1lPfmZjT5QhXt6ugfCM="></latexit><latexit sha1_base64="QET9AY2O1lPfmZjT5QhXt6ugfCM="></latexit><latexit sha1_base64="QET9AY2O1lPfmZjT5QhXt6ugfCM="></latexit><latexit sha1_base64="QET9AY2O1lPfmZjT5QhXt6ugfCM="></latexit>

λ (x : τ)e
<latexit sha1_base64="/KXK2+yUReNh8uZdk9taxHPfalY="></latexit><latexit sha1_base64="9Gv4v7/JAfLKH7TMT5fisUAw0pA="></latexit><latexit sha1_base64="9Gv4v7/JAfLKH7TMT5fisUAw0pA="></latexit><latexit sha1_base64="R25FujoNgx5vyTEG+RBUzj6MHeY="></latexit>

e1(e2)
<latexit sha1_base64="tIh9LqKKRmm4wsKKzEiREnmtsVI="></latexit><latexit sha1_base64="Cim+y0f/fRAtiCOQsggS9TALr8U="></latexit><latexit sha1_base64="Cim+y0f/fRAtiCOQsggS9TALr8U="></latexit><latexit sha1_base64="4AZndtjIQ5jXxY4NLMW3iZLdQfo="></latexit>

plus a kind of 
type families



type / term

type / type

term / type



polymorphism

type operators

dependent types



λ!
<latexit sha1_base64="lbNe4TIxY0zwwnAfCl0qK6Uw3K0="></latexit><latexit sha1_base64="lbNe4TIxY0zwwnAfCl0qK6Uw3K0="></latexit><latexit sha1_base64="lbNe4TIxY0zwwnAfCl0qK6Uw3K0="></latexit><latexit sha1_base64="lbNe4TIxY0zwwnAfCl0qK6Uw3K0="></latexit>

Fω
<latexit sha1_base64="iXRYFqcukjDNU9wZE50942mzgRM="></latexit><latexit sha1_base64="iXRYFqcukjDNU9wZE50942mzgRM="></latexit><latexit sha1_base64="iXRYFqcukjDNU9wZE50942mzgRM="></latexit><latexit sha1_base64="iXRYFqcukjDNU9wZE50942mzgRM="></latexit>

F
<latexit sha1_base64="GgkdBG9R1pCzuQflhkgaanCBic0="></latexit><latexit sha1_base64="GgkdBG9R1pCzuQflhkgaanCBic0="></latexit><latexit sha1_base64="GgkdBG9R1pCzuQflhkgaanCBic0="></latexit><latexit sha1_base64="GgkdBG9R1pCzuQflhkgaanCBic0="></latexit>

CC
<latexit sha1_base64="CKsoY+S40735/9uiwrXtXo3qSM4="></latexit><latexit sha1_base64="CKsoY+S40735/9uiwrXtXo3qSM4="></latexit><latexit sha1_base64="CKsoY+S40735/9uiwrXtXo3qSM4="></latexit><latexit sha1_base64="CKsoY+S40735/9uiwrXtXo3qSM4="></latexit>

λΠ
<latexit sha1_base64="U/tl+afOI8+ErBkKKaC5+VO+ZOU="></latexit><latexit sha1_base64="U/tl+afOI8+ErBkKKaC5+VO+ZOU="></latexit><latexit sha1_base64="U/tl+afOI8+ErBkKKaC5+VO+ZOU="></latexit><latexit sha1_base64="U/tl+afOI8+ErBkKKaC5+VO+ZOU="></latexit>

simply typed dependently typed

second-order

type operators calculus of 
constructions

lambda cube



calculus of constructions

λΠ is foundation for logical framework LF

CC is “Fω with dependent types”,  
or “λΠ with quantification”

foundation of Coq theorem prover

can supplement with (co)inductive types



e : τ
<latexit sha1_base64="+8xFQboeLhiy2IfDUZZK8xkds/E="></latexit><latexit sha1_base64="+8xFQboeLhiy2IfDUZZK8xkds/E="></latexit><latexit sha1_base64="+8xFQboeLhiy2IfDUZZK8xkds/E="></latexit><latexit sha1_base64="+8xFQboeLhiy2IfDUZZK8xkds/E="></latexit>

τ : κ
<latexit sha1_base64="UR54vmshMRt/5dCak2MYIk60Wvs="></latexit><latexit sha1_base64="UR54vmshMRt/5dCak2MYIk60Wvs="></latexit><latexit sha1_base64="UR54vmshMRt/5dCak2MYIk60Wvs="></latexit><latexit sha1_base64="UR54vmshMRt/5dCak2MYIk60Wvs="></latexit>

κ : Kind
<latexit sha1_base64="h+9vs3IMcMIPpqto49x4PV68DNY="></latexit><latexit sha1_base64="h+9vs3IMcMIPpqto49x4PV68DNY="></latexit><latexit sha1_base64="h+9vs3IMcMIPpqto49x4PV68DNY="></latexit><latexit sha1_base64="h+9vs3IMcMIPpqto49x4PV68DNY="></latexit>



what if we went deeper?



t ::= s
| x
| λ (x : t)t
| t1 t2
| Π (x : t)t

<latexit sha1_base64="/r+qd9re8A+BMkklpkQSJImGVp0="></latexit><latexit sha1_base64="/r+qd9re8A+BMkklpkQSJImGVp0="></latexit><latexit sha1_base64="/r+qd9re8A+BMkklpkQSJImGVp0="></latexit><latexit sha1_base64="/r+qd9re8A+BMkklpkQSJImGVp0="></latexit>

product

abstraction

application

sorts



⇤,⇤,4,…
<latexit sha1_base64="523tsxF2CIKQrZBqw5ov3mF0r8U="></latexit><latexit sha1_base64="523tsxF2CIKQrZBqw5ov3mF0r8U="></latexit><latexit sha1_base64="523tsxF2CIKQrZBqw5ov3mF0r8U="></latexit><latexit sha1_base64="523tsxF2CIKQrZBqw5ov3mF0r8U="></latexit>

Type, Kind, …

S
<latexit sha1_base64="RFonqZ0jYciwmuvk0XisymsMABM="></latexit><latexit sha1_base64="RFonqZ0jYciwmuvk0XisymsMABM="></latexit><latexit sha1_base64="RFonqZ0jYciwmuvk0XisymsMABM="></latexit><latexit sha1_base64="RFonqZ0jYciwmuvk0XisymsMABM="></latexit>

Sorts



Γ ⊢ T : s
Γ,x : T ⊢ x : T

(Var)

Γ,x : S ⊢ t : T Γ ⊢ Π (x : S)T : s
Γ ⊢ λ (x : S)t : Π (x : S)T

(Abs)

Γ ⊢ t1 : Π (x : S)T Γ ⊢ t2 : S
Γ ⊢ t1 t2 : [t2/x]T

(App)
<latexit sha1_base64="8hi1KDpTBVOqCXz4bDWNHF9rVVQ="></latexit><latexit sha1_base64="vTv4qf2q+vlJk/cc5dF4o+VocO0="></latexit><latexit sha1_base64="vTv4qf2q+vlJk/cc5dF4o+VocO0="></latexit><latexit sha1_base64="rrPSEMaXZulw0FhWy2Ss9c6C/T8="></latexit>



Γ ⊢ T : s
Γ,x : T ⊢ x : T

(Var)

Γ,x : S ⊢ t : T Γ ⊢ Π (x : S)T : s
Γ ⊢ λ (x : S)t : Π (x : S)T

(Abs)

Γ ⊢ t1 : Π (x : S)T Γ ⊢ t2 : S
Γ ⊢ t1 t2 : [t2/x]T

(App)
<latexit sha1_base64="8hi1KDpTBVOqCXz4bDWNHF9rVVQ="></latexit><latexit sha1_base64="vTv4qf2q+vlJk/cc5dF4o+VocO0="></latexit><latexit sha1_base64="vTv4qf2q+vlJk/cc5dF4o+VocO0="></latexit><latexit sha1_base64="rrPSEMaXZulw0FhWy2Ss9c6C/T8="></latexit>



Γ ⊢ T : s
Γ,x : T ⊢ x : T

(Var)

Γ,x : S ⊢ t : T Γ ⊢ Π (x : S)T : s
Γ ⊢ λ (x : S)t : Π (x : S)T

(Abs)

Γ ⊢ t1 : Π (x : S)T Γ ⊢ t2 : S
Γ ⊢ t1 t2 : [t2/x]T

(App)
<latexit sha1_base64="8hi1KDpTBVOqCXz4bDWNHF9rVVQ="></latexit><latexit sha1_base64="vTv4qf2q+vlJk/cc5dF4o+VocO0="></latexit><latexit sha1_base64="vTv4qf2q+vlJk/cc5dF4o+VocO0="></latexit><latexit sha1_base64="rrPSEMaXZulw0FhWy2Ss9c6C/T8="></latexit>

need to check validity



Γ ⊢ T : s
Γ,x : T ⊢ x : T

(Var)

Γ,x : S ⊢ t : T Γ ⊢ Π (x : S)T : s
Γ ⊢ λ (x : S)t : Π (x : S)T

(Abs)

Γ ⊢ t1 : Π (x : S)T Γ ⊢ t2 : S
Γ ⊢ t1 t2 : [t2/x]T

(App)
<latexit sha1_base64="8hi1KDpTBVOqCXz4bDWNHF9rVVQ="></latexit><latexit sha1_base64="vTv4qf2q+vlJk/cc5dF4o+VocO0="></latexit><latexit sha1_base64="vTv4qf2q+vlJk/cc5dF4o+VocO0="></latexit><latexit sha1_base64="rrPSEMaXZulw0FhWy2Ss9c6C/T8="></latexit>



Γ ⊢ t : T T ≡ T′ Γ ⊢ T′ : s
Γ ⊢ t : T′ (Conv)

<latexit sha1_base64="lpP5+SvQckW9EJpyj3aNLk3AtPM="></latexit><latexit sha1_base64="rbShoKh8xE7mplf2AGNlNEgpWbs="></latexit><latexit sha1_base64="rbShoKh8xE7mplf2AGNlNEgpWbs="></latexit><latexit sha1_base64="nxiXdihHqFxtsJZsA0HUuXG9oj0="></latexit>



for combinations of si and sj

Γ ⊢ S : si Γ,x : S ⊢ T : sj
Γ ⊢ Π (x : S)T : sj

(Pi)
<latexit sha1_base64="toV9slneNXetAefCuWbqsG3QLIU="></latexit><latexit sha1_base64="R3hLMxMvxGQnx4JZX0qV31ULX48="></latexit><latexit sha1_base64="R3hLMxMvxGQnx4JZX0qV31ULX48="></latexit><latexit sha1_base64="l0+dPTQyvRUI3COjvWvQhuA6RzQ="></latexit><latexit sha1_base64="0CJgce/HRsgbeUsuWGw3hnR+Cr4="></latexit><latexit sha1_base64="CWeRESJM0/ub39fII0IyZaHs73k="></latexit><latexit sha1_base64="7i9SlMA6QsrKJZtKWUmpXX+djl0="></latexit><latexit sha1_base64="7i9SlMA6QsrKJZtKWUmpXX+djl0="></latexit><latexit sha1_base64="R3hLMxMvxGQnx4JZX0qV31ULX48="></latexit><latexit sha1_base64="R3hLMxMvxGQnx4JZX0qV31ULX48="></latexit><latexit sha1_base64="R3hLMxMvxGQnx4JZX0qV31ULX48="></latexit><latexit sha1_base64="R3hLMxMvxGQnx4JZX0qV31ULX48="></latexit><latexit sha1_base64="7i9SlMA6QsrKJZtKWUmpXX+djl0="></latexit>



(si,sj) ∈ R
<latexit sha1_base64="aFU4Oohmo2xXth0hrmVWUwVVqCA="></latexit><latexit sha1_base64="Gxir1pxSXQE1sGvZxdshrWIk/5w="></latexit><latexit sha1_base64="Gxir1pxSXQE1sGvZxdshrWIk/5w="></latexit><latexit sha1_base64="rkg0YF/Ksswos8B6NFbxwrtd6a0="></latexit>

λ! { (⇤, ⇤) }

λΠ { (⇤, ⇤), (⇤,⇤) }

F { (⇤, ⇤), (⇤, ⇤) }

Fω { (⇤, ⇤), (⇤, ⇤), (⇤,⇤) }

CC { (⇤, ⇤), (⇤,⇤), (⇤, ⇤), (⇤,⇤) }
<latexit sha1_base64="WHxgpH2NxQELAbOu2zm3juKyOhc="></latexit><latexit sha1_base64="WHxgpH2NxQELAbOu2zm3juKyOhc="></latexit><latexit sha1_base64="WHxgpH2NxQELAbOu2zm3juKyOhc="></latexit><latexit sha1_base64="WHxgpH2NxQELAbOu2zm3juKyOhc="></latexit>



for combinations of si and sj

Γ ⊢ si : sj
(Start)

<latexit sha1_base64="WiZ2KsIDnjiRs5iNf9Hp/b1j904="></latexit><latexit sha1_base64="TG3m06Hgwy+TJR7yRM0GoI6Ak+s="></latexit><latexit sha1_base64="TG3m06Hgwy+TJR7yRM0GoI6Ak+s="></latexit><latexit sha1_base64="cR9ZCtnY5tBK3Csh1zJXL/DIJfo="></latexit>



(si,sj) ∈ A
<latexit sha1_base64="ovn8yOaT/jbvR+qu1pbmZmzCwKQ="></latexit><latexit sha1_base64="pWvh4GlJFAlxMfb7ooEbX5JIoYE="></latexit><latexit sha1_base64="pWvh4GlJFAlxMfb7ooEbX5JIoYE="></latexit><latexit sha1_base64="szP/3wvN94V3fEJ5BCtKPLQ/gd4="></latexit>

A = (∗,!)
<latexit sha1_base64="9lcJgW+hY55Ixfyx8c0EMe/thaM="></latexit><latexit sha1_base64="avdNjxRnaB106mras2MnPGQYRc8="></latexit><latexit sha1_base64="avdNjxRnaB106mras2MnPGQYRc8="></latexit><latexit sha1_base64="DTG90RJYnU8qUBL2p/niRr6pph8="></latexit>



(S,A,R)
<latexit sha1_base64="0KL4N+IHWDE9eODiWLegiiJliNE="></latexit><latexit sha1_base64="0KL4N+IHWDE9eODiWLegiiJliNE="></latexit><latexit sha1_base64="0KL4N+IHWDE9eODiWLegiiJliNE="></latexit><latexit sha1_base64="0KL4N+IHWDE9eODiWLegiiJliNE="></latexit>

uniquely identifies a λ-calculus

λ! = ({⇤,⇤}, {(⇤,⇤)}, {(⇤, ⇤)})
F = ({⇤,⇤}, {(⇤,⇤)}, {(⇤, ⇤), (⇤, ⇤)})

<latexit sha1_base64="S0ow4V7EG4DMFQBy5S30mQbV2hE="></latexit><latexit sha1_base64="S0ow4V7EG4DMFQBy5S30mQbV2hE="></latexit><latexit sha1_base64="S0ow4V7EG4DMFQBy5S30mQbV2hE="></latexit><latexit sha1_base64="S0ow4V7EG4DMFQBy5S30mQbV2hE="></latexit>



system Fω

⇤<latexit sha1_base64="AkKRkmm9s7h5NdrkJt/w8+nYAW0="></latexit><latexit sha1_base64="AkKRkmm9s7h5NdrkJt/w8+nYAW0="></latexit><latexit sha1_base64="AkKRkmm9s7h5NdrkJt/w8+nYAW0="></latexit><latexit sha1_base64="AkKRkmm9s7h5NdrkJt/w8+nYAW0="></latexit>

⇤
<latexit sha1_base64="XpEs8BmWw3e98euUCyPdCj0hCAM="></latexit><latexit sha1_base64="XpEs8BmWw3e98euUCyPdCj0hCAM="></latexit><latexit sha1_base64="XpEs8BmWw3e98euUCyPdCj0hCAM="></latexit><latexit sha1_base64="XpEs8BmWw3e98euUCyPdCj0hCAM="></latexit>

⇤<latexit sha1_base64="AkKRkmm9s7h5NdrkJt/w8+nYAW0="></latexit><latexit sha1_base64="AkKRkmm9s7h5NdrkJt/w8+nYAW0="></latexit><latexit sha1_base64="AkKRkmm9s7h5NdrkJt/w8+nYAW0="></latexit><latexit sha1_base64="AkKRkmm9s7h5NdrkJt/w8+nYAW0="></latexit>

λ<latexit sha1_base64="MR80RnybfSuZKooJFvzs7GA0NBk="></latexit><latexit sha1_base64="MR80RnybfSuZKooJFvzs7GA0NBk="></latexit><latexit sha1_base64="MR80RnybfSuZKooJFvzs7GA0NBk="></latexit><latexit sha1_base64="MR80RnybfSuZKooJFvzs7GA0NBk="></latexit>

8
<latexit sha1_base64="iRiuQmVy3OFm09SPOtsMG6wqrNw="></latexit><latexit sha1_base64="iRiuQmVy3OFm09SPOtsMG6wqrNw="></latexit><latexit sha1_base64="iRiuQmVy3OFm09SPOtsMG6wqrNw="></latexit><latexit sha1_base64="iRiuQmVy3OFm09SPOtsMG6wqrNw="></latexit>

“expressions”

“types”



⇤<latexit sha1_base64="AkKRkmm9s7h5NdrkJt/w8+nYAW0="></latexit><latexit sha1_base64="AkKRkmm9s7h5NdrkJt/w8+nYAW0="></latexit><latexit sha1_base64="AkKRkmm9s7h5NdrkJt/w8+nYAW0="></latexit><latexit sha1_base64="AkKRkmm9s7h5NdrkJt/w8+nYAW0="></latexit>

⇤
<latexit sha1_base64="XpEs8BmWw3e98euUCyPdCj0hCAM="></latexit><latexit sha1_base64="XpEs8BmWw3e98euUCyPdCj0hCAM="></latexit><latexit sha1_base64="XpEs8BmWw3e98euUCyPdCj0hCAM="></latexit><latexit sha1_base64="XpEs8BmWw3e98euUCyPdCj0hCAM="></latexit>

!
<latexit sha1_base64="zbqu5FDwBMXMtO/7GTjS3f/cddQ="></latexit><latexit sha1_base64="zbqu5FDwBMXMtO/7GTjS3f/cddQ="></latexit><latexit sha1_base64="zbqu5FDwBMXMtO/7GTjS3f/cddQ="></latexit><latexit sha1_base64="zbqu5FDwBMXMtO/7GTjS3f/cddQ="></latexit>

8
<latexit sha1_base64="iRiuQmVy3OFm09SPOtsMG6wqrNw="></latexit><latexit sha1_base64="iRiuQmVy3OFm09SPOtsMG6wqrNw="></latexit><latexit sha1_base64="iRiuQmVy3OFm09SPOtsMG6wqrNw="></latexit><latexit sha1_base64="iRiuQmVy3OFm09SPOtsMG6wqrNw="></latexit>

λ<latexit sha1_base64="MR80RnybfSuZKooJFvzs7GA0NBk="></latexit><latexit sha1_base64="MR80RnybfSuZKooJFvzs7GA0NBk="></latexit><latexit sha1_base64="MR80RnybfSuZKooJFvzs7GA0NBk="></latexit><latexit sha1_base64="MR80RnybfSuZKooJFvzs7GA0NBk="></latexit>

⇤<latexit sha1_base64="AkKRkmm9s7h5NdrkJt/w8+nYAW0="></latexit><latexit sha1_base64="AkKRkmm9s7h5NdrkJt/w8+nYAW0="></latexit><latexit sha1_base64="AkKRkmm9s7h5NdrkJt/w8+nYAW0="></latexit><latexit sha1_base64="AkKRkmm9s7h5NdrkJt/w8+nYAW0="></latexit>

⇤
<latexit sha1_base64="XpEs8BmWw3e98euUCyPdCj0hCAM="></latexit><latexit sha1_base64="XpEs8BmWw3e98euUCyPdCj0hCAM="></latexit><latexit sha1_base64="XpEs8BmWw3e98euUCyPdCj0hCAM="></latexit><latexit sha1_base64="XpEs8BmWw3e98euUCyPdCj0hCAM="></latexit>

system Fω

“expressions”

“types”



({⇤}, {(⇤, ⇤)}, {(⇤, ⇤)})
<latexit sha1_base64="IcQy7biiUw+hAMWJ6LW3RABEruE="></latexit><latexit sha1_base64="IcQy7biiUw+hAMWJ6LW3RABEruE="></latexit><latexit sha1_base64="IcQy7biiUw+hAMWJ6LW3RABEruE="></latexit><latexit sha1_base64="l0+dPTQyvRUI3COjvWvQhuA6RzQ="></latexit><latexit sha1_base64="B8ZWF8YSA7JRNG560X7btz3SLis="></latexit><latexit sha1_base64="s2aaCA6h1wJppCcSmXtX+0bpZRk="></latexit><latexit sha1_base64="PE+aizCl71ElzRD8Us2W/f9Ww1Q="></latexit><latexit sha1_base64="IcQy7biiUw+hAMWJ6LW3RABEruE="></latexit><latexit sha1_base64="IcQy7biiUw+hAMWJ6LW3RABEruE="></latexit><latexit sha1_base64="IcQy7biiUw+hAMWJ6LW3RABEruE="></latexit><latexit sha1_base64="IcQy7biiUw+hAMWJ6LW3RABEruE="></latexit><latexit sha1_base64="IcQy7biiUw+hAMWJ6LW3RABEruE="></latexit><latexit sha1_base64="IcQy7biiUw+hAMWJ6LW3RABEruE="></latexit>

Type : Type

“naive type theory”



({⇤,⇤,4},
{(⇤,⇤), (⇤,4)},
{(⇤, ⇤), (⇤, ⇤), (⇤,⇤), (4,⇤), (4, ⇤)})

<latexit sha1_base64="wn7ccPI17K1/PioDnJXOKiqPnx4="></latexit><latexit sha1_base64="wn7ccPI17K1/PioDnJXOKiqPnx4="></latexit><latexit sha1_base64="wn7ccPI17K1/PioDnJXOKiqPnx4="></latexit><latexit sha1_base64="l0+dPTQyvRUI3COjvWvQhuA6RzQ="></latexit><latexit sha1_base64="O6uh6a2z3buZQgHb10uvFZ13jR0="></latexit><latexit sha1_base64="OMrs1B4EogMsuc2fPmtXEZgxAPs="></latexit><latexit sha1_base64="NamaeFQdM5Mn9jbDlSUsmdd02L0="></latexit><latexit sha1_base64="wn7ccPI17K1/PioDnJXOKiqPnx4="></latexit><latexit sha1_base64="wn7ccPI17K1/PioDnJXOKiqPnx4="></latexit><latexit sha1_base64="wn7ccPI17K1/PioDnJXOKiqPnx4="></latexit><latexit sha1_base64="wn7ccPI17K1/PioDnJXOKiqPnx4="></latexit><latexit sha1_base64="wn7ccPI17K1/PioDnJXOKiqPnx4="></latexit><latexit sha1_base64="wn7ccPI17K1/PioDnJXOKiqPnx4="></latexit>

no cyclic dependency

system U-



system U-

({⇤,⇤,4},
{(⇤,⇤), (⇤,4)},
{(⇤, ⇤), (⇤, ⇤), (⇤,⇤), (4,⇤), (4, ⇤)})

<latexit sha1_base64="wn7ccPI17K1/PioDnJXOKiqPnx4="></latexit><latexit sha1_base64="wn7ccPI17K1/PioDnJXOKiqPnx4="></latexit><latexit sha1_base64="wn7ccPI17K1/PioDnJXOKiqPnx4="></latexit><latexit sha1_base64="l0+dPTQyvRUI3COjvWvQhuA6RzQ="></latexit><latexit sha1_base64="O6uh6a2z3buZQgHb10uvFZ13jR0="></latexit><latexit sha1_base64="OMrs1B4EogMsuc2fPmtXEZgxAPs="></latexit><latexit sha1_base64="NamaeFQdM5Mn9jbDlSUsmdd02L0="></latexit><latexit sha1_base64="wn7ccPI17K1/PioDnJXOKiqPnx4="></latexit><latexit sha1_base64="wn7ccPI17K1/PioDnJXOKiqPnx4="></latexit><latexit sha1_base64="wn7ccPI17K1/PioDnJXOKiqPnx4="></latexit><latexit sha1_base64="wn7ccPI17K1/PioDnJXOKiqPnx4="></latexit><latexit sha1_base64="wn7ccPI17K1/PioDnJXOKiqPnx4="></latexit><latexit sha1_base64="wn7ccPI17K1/PioDnJXOKiqPnx4="></latexit>



⇤<latexit sha1_base64="AkKRkmm9s7h5NdrkJt/w8+nYAW0="></latexit><latexit sha1_base64="AkKRkmm9s7h5NdrkJt/w8+nYAW0="></latexit><latexit sha1_base64="AkKRkmm9s7h5NdrkJt/w8+nYAW0="></latexit><latexit sha1_base64="AkKRkmm9s7h5NdrkJt/w8+nYAW0="></latexit>

⇤
<latexit sha1_base64="XpEs8BmWw3e98euUCyPdCj0hCAM="></latexit><latexit sha1_base64="XpEs8BmWw3e98euUCyPdCj0hCAM="></latexit><latexit sha1_base64="XpEs8BmWw3e98euUCyPdCj0hCAM="></latexit><latexit sha1_base64="XpEs8BmWw3e98euUCyPdCj0hCAM="></latexit>

8
<latexit sha1_base64="iRiuQmVy3OFm09SPOtsMG6wqrNw="></latexit><latexit sha1_base64="iRiuQmVy3OFm09SPOtsMG6wqrNw="></latexit><latexit sha1_base64="iRiuQmVy3OFm09SPOtsMG6wqrNw="></latexit><latexit sha1_base64="iRiuQmVy3OFm09SPOtsMG6wqrNw="></latexit>

λ<latexit sha1_base64="MR80RnybfSuZKooJFvzs7GA0NBk="></latexit><latexit sha1_base64="MR80RnybfSuZKooJFvzs7GA0NBk="></latexit><latexit sha1_base64="MR80RnybfSuZKooJFvzs7GA0NBk="></latexit><latexit sha1_base64="MR80RnybfSuZKooJFvzs7GA0NBk="></latexit>

⇤<latexit sha1_base64="AkKRkmm9s7h5NdrkJt/w8+nYAW0="></latexit><latexit sha1_base64="AkKRkmm9s7h5NdrkJt/w8+nYAW0="></latexit><latexit sha1_base64="AkKRkmm9s7h5NdrkJt/w8+nYAW0="></latexit><latexit sha1_base64="AkKRkmm9s7h5NdrkJt/w8+nYAW0="></latexit>

⇤
<latexit sha1_base64="XpEs8BmWw3e98euUCyPdCj0hCAM="></latexit><latexit sha1_base64="XpEs8BmWw3e98euUCyPdCj0hCAM="></latexit><latexit sha1_base64="XpEs8BmWw3e98euUCyPdCj0hCAM="></latexit><latexit sha1_base64="XpEs8BmWw3e98euUCyPdCj0hCAM="></latexit>

4<latexit sha1_base64="EhkDBfqg5WwzaHmd/tCQkOIR4XM="></latexit><latexit sha1_base64="EhkDBfqg5WwzaHmd/tCQkOIR4XM="></latexit><latexit sha1_base64="EhkDBfqg5WwzaHmd/tCQkOIR4XM="></latexit><latexit sha1_base64="EhkDBfqg5WwzaHmd/tCQkOIR4XM="></latexit>

Π<latexit sha1_base64="hSgoZeumKaerlYHAdDTmyg6aH6M="></latexit><latexit sha1_base64="hSgoZeumKaerlYHAdDTmyg6aH6M="></latexit><latexit sha1_base64="hSgoZeumKaerlYHAdDTmyg6aH6M="></latexit><latexit sha1_base64="hSgoZeumKaerlYHAdDTmyg6aH6M="></latexit> F<latexit sha1_base64="qa7dF32Ysj91MmY/cYuMF4AR8Dc="></latexit><latexit sha1_base64="qa7dF32Ysj91MmY/cYuMF4AR8Dc="></latexit><latexit sha1_base64="qa7dF32Ysj91MmY/cYuMF4AR8Dc="></latexit><latexit sha1_base64="qa7dF32Ysj91MmY/cYuMF4AR8Dc="></latexit>

Fω
<latexit sha1_base64="QcSQbwkGoB61KoQx+GOYD1gZc2Q="></latexit><latexit sha1_base64="QcSQbwkGoB61KoQx+GOYD1gZc2Q="></latexit><latexit sha1_base64="QcSQbwkGoB61KoQx+GOYD1gZc2Q="></latexit><latexit sha1_base64="QcSQbwkGoB61KoQx+GOYD1gZc2Q="></latexit>

“expressions”

“types”

“kinds”

!
<latexit sha1_base64="zbqu5FDwBMXMtO/7GTjS3f/cddQ="></latexit><latexit sha1_base64="zbqu5FDwBMXMtO/7GTjS3f/cddQ="></latexit><latexit sha1_base64="zbqu5FDwBMXMtO/7GTjS3f/cddQ="></latexit><latexit sha1_base64="zbqu5FDwBMXMtO/7GTjS3f/cddQ="></latexit>



Girard (1972)

system U is inconsistent!

result known as Girard’s paradox

basis: every type is inhabited, including ⊥



Girard’s paradox

analog of Russell’s paradox

but not the same: no type comprehension

embedding of Burali-Forti paradox in U



corollary: naive type theory is inconsistent

corollary: Martin-Löf (1971) is inconsistent

Hurkens (1995): term of type ⊥ with length 2039

lambda cube strongly normalizing, not all PTSs are





type theory: 
foundation for mathematics?



seminal works: 
http://ttic.uchicago.edu/~dreyer/course/papers/barendregt.pdf 

http://citeseerx.ist.psu.edu/viewdoc/
download;jsessionid=EFA2A9409B12A54895CFD1EFBACEC439?doi=10.1.1.37.3153&rep=rep1&type=pdf 

overviews: 
ch. 2 of Advanced Topics in Types and Programming Languages (by Pierce) 

https://ncatlab.org/nlab/show/pure+type+system 

deeper dives: 
https://people.mpi-sws.org/~skilpat/modsem/notes1.pdf 

http://citeseerx.ist.psu.edu/viewdoc/download?doi=10.1.1.56.7045&rep=rep1&type=pdf 

http://www.cse.chalmers.se/research/group/logic/TypesSS05/Extra/miquel_sl3.pdf 

https://github.com/scravy/types/blob/master/A%20Simplification%20of%20Girard's%20Paradox/
hurkens95tlca.pdf

further reading

http://ttic.uchicago.edu/~dreyer/course/papers/barendregt.pdf
http://citeseerx.ist.psu.edu/viewdoc/download;jsessionid=EFA2A9409B12A54895CFD1EFBACEC439?doi=10.1.1.37.3153&rep=rep1&type=pdf
http://citeseerx.ist.psu.edu/viewdoc/download;jsessionid=EFA2A9409B12A54895CFD1EFBACEC439?doi=10.1.1.37.3153&rep=rep1&type=pdf
https://ncatlab.org/nlab/show/pure+type+system
https://people.mpi-sws.org/~skilpat/modsem/notes1.pdf
http://citeseerx.ist.psu.edu/viewdoc/download?doi=10.1.1.56.7045&rep=rep1&type=pdf
http://www.cse.chalmers.se/research/group/logic/TypesSS05/Extra/miquel_sl3.pdf
https://github.com/scravy/types/blob/master/A%20Simplification%20of%20Girard's%20Paradox/hurkens95tlca.pdf
https://github.com/scravy/types/blob/master/A%20Simplification%20of%20Girard's%20Paradox/hurkens95tlca.pdf

