
subtyping



fn (x : t) => e

e1(e2)



e1(e2)
<latexit sha1_base64="hqayoWFt3Fv0K2AzQ0YKzuyiO2Y="></latexit><latexit sha1_base64="hqayoWFt3Fv0K2AzQ0YKzuyiO2Y="></latexit><latexit sha1_base64="hqayoWFt3Fv0K2AzQ0YKzuyiO2Y="></latexit><latexit sha1_base64="335roHvBuRcySehRaVgdbEjdCbQ="></latexit><latexit sha1_base64="5M/asQEs76xteiIHzoDJGVsbQ9w="></latexit><latexit sha1_base64="QMRep9c/8A4W0isEH2fOSdFjN1U="></latexit><latexit sha1_base64="2d7UIIIm51l8ww5GXIDbormHwIw="></latexit><latexit sha1_base64="hqayoWFt3Fv0K2AzQ0YKzuyiO2Y="></latexit><latexit sha1_base64="hqayoWFt3Fv0K2AzQ0YKzuyiO2Y="></latexit><latexit sha1_base64="hqayoWFt3Fv0K2AzQ0YKzuyiO2Y="></latexit><latexit sha1_base64="hqayoWFt3Fv0K2AzQ0YKzuyiO2Y="></latexit><latexit sha1_base64="hqayoWFt3Fv0K2AzQ0YKzuyiO2Y="></latexit><latexit sha1_base64="hqayoWFt3Fv0K2AzQ0YKzuyiO2Y="></latexit>

λ (x : τ)e
<latexit sha1_base64="yeXPg7rWQr5Y9WrVZuQ1gs4Owao="></latexit><latexit sha1_base64="yeXPg7rWQr5Y9WrVZuQ1gs4Owao="></latexit><latexit sha1_base64="yeXPg7rWQr5Y9WrVZuQ1gs4Owao="></latexit><latexit sha1_base64="yeXPg7rWQr5Y9WrVZuQ1gs4Owao="></latexit>



fn (x : ’a) => e

(e1 : t1 -> t2)(e2)



τ ::= t
| τ1 ! τ2
| 8t.τ

<latexit sha1_base64="TwC4nB7Jep9upjvZKGvUGHkDuc0="></latexit><latexit sha1_base64="TwC4nB7Jep9upjvZKGvUGHkDuc0="></latexit><latexit sha1_base64="TwC4nB7Jep9upjvZKGvUGHkDuc0="></latexit><latexit sha1_base64="TwC4nB7Jep9upjvZKGvUGHkDuc0="></latexit>

System F



’a -> ’b

8α.8β.α ! β
<latexit sha1_base64="sg/J1joGDNL1882GQ/qrX/iC2oc="></latexit>



signature ANIMAL = sig 
  type t 
  val name : t -> string 
  val num_legs : t -> int 
  val sound : t -> string 
end



no interoperability between Cat and Dog,  
despite common interface

signature ANIMAL = sig 
  type t 
  val name : t -> string 
  val num_legs : t -> int 
  val sound : t -> string 
end 

structure Cat : ANIMAL 
structure Dog : ANIMAL 

val cats : Cat.t list = [luna, bella, oliver, charlie] 
val dogs : Dog.t list = [max, cooper, lucy, daisy]



signature ANIMAL = sig 
  type t 
  val name : t -> string 
  val num_legs : t -> int 
  val sound : t -> string 
end 

structure Animal : ANIMAL = struct 
  datatype t = Cat of string | Dog of string 
  fun name (Cat c) = c | name (Dog d) = d 
  fun num_legs _ = 4  
  fun sound (Cat _) = “meow” | sound (Dog _) = “woof” 
end 

val animals = [luna, max, lucy, charlie]

cannot distinguish between Cat and Dog



signature ANIMAL = sig 
  type ’a t 
  val name : ’a t -> string 
  val num_legs : ’a t -> int 
  val sound : ’a t -> string 
end 

structure Animal : ANIMAL = struct 
  datatype ’a t = Cat of string | Dog of string 
  (* ... *) 
end 

datatype cat = Cat and dog = Dog 
val cats : cat Animal.t list = [luna, bella, oliver] 
val dogs : dog Animal.t list = [max, cooper, lucy]



would be better with GADTs (next week)

phantom type

signature ANIMAL = sig 
  type ’a t 
  val name : ’a t -> string 
  val num_legs : ’a t -> int 
  val sound : ’a t -> string 
end 

structure Animal : ANIMAL = struct 
  datatype ’a t = Cat of string | Dog of string 
  (* ... *) 
end 

datatype cat = Cat and dog = Dog 
val cats : cat Animal.t list = [luna, bella, oliver] 
val dogs : dog Animal.t list = [max, cooper, lucy]



want to separate instances of Cat from Dog… 

without making them completely non-interoperable 

why aren’t polymorphic types enough?



subsumption

if e has type σ

and σ is a subtype of τ

then e has type τ

“any cat is an animal,  
and any dog is an animal”



subsumption

Γ ⊢ e : σ σ <: τ
Γ ⊢ e : τ

<latexit sha1_base64="rIAtB11cWUmApj60ZU63dDYlBuI="></latexit><latexit sha1_base64="C8h73ozT72LZ1+zkVJOMGwojBq8="></latexit><latexit sha1_base64="C8h73ozT72LZ1+zkVJOMGwojBq8="></latexit><latexit sha1_base64="zjQNMKukGa9Pum2ov8HgDE9/HpQ="></latexit>

(reflexive, antisymmetric, transitive)



type big = { x: t1, y: t2, z: t3 } 
type small = { x: t1, y: t2 } 

fun f (s : small) = #x s 
val b = { x = 1, y = 2, z = 3 } 

(* f b *)



width

n
li : τi

i21..n+k
o
<:

n
li : τi

i21..n
o

<latexit sha1_base64="OwEtfUBVMiGPM506NdXHJW2eCko="></latexit><latexit sha1_base64="OwEtfUBVMiGPM506NdXHJW2eCko="></latexit><latexit sha1_base64="OwEtfUBVMiGPM506NdXHJW2eCko="></latexit><latexit sha1_base64="OwEtfUBVMiGPM506NdXHJW2eCko="></latexit>



depth

σi <: τin
li : σi

i21..n
o
<:

n
li : τi

i21..n
o

<latexit sha1_base64="Q8CPGUP9eK45hKJG6AJU30gyp0s="></latexit><latexit sha1_base64="Q8CPGUP9eK45hKJG6AJU30gyp0s="></latexit><latexit sha1_base64="Q8CPGUP9eK45hKJG6AJU30gyp0s="></latexit><latexit sha1_base64="Q8CPGUP9eK45hKJG6AJU30gyp0s="></latexit>



variant width

D
li : τi

i21..n
E
<:

D
li : τi

i21..n+k
E

<latexit sha1_base64="z41LDtzHVUz7O/vMGv1qmxLdGIk="></latexit><latexit sha1_base64="z41LDtzHVUz7O/vMGv1qmxLdGIk="></latexit><latexit sha1_base64="z41LDtzHVUz7O/vMGv1qmxLdGIk="></latexit><latexit sha1_base64="z41LDtzHVUz7O/vMGv1qmxLdGIk="></latexit>



n
li : τi

i21..n+k
o
<:

n
li : τi

i21..n
o

<latexit sha1_base64="OwEtfUBVMiGPM506NdXHJW2eCko="></latexit><latexit sha1_base64="OwEtfUBVMiGPM506NdXHJW2eCko="></latexit><latexit sha1_base64="OwEtfUBVMiGPM506NdXHJW2eCko="></latexit><latexit sha1_base64="OwEtfUBVMiGPM506NdXHJW2eCko="></latexit>

D
li : τi

i21..n
E
<:

D
li : τi

i21..n+k
E

<latexit sha1_base64="z41LDtzHVUz7O/vMGv1qmxLdGIk="></latexit><latexit sha1_base64="z41LDtzHVUz7O/vMGv1qmxLdGIk="></latexit><latexit sha1_base64="z41LDtzHVUz7O/vMGv1qmxLdGIk="></latexit><latexit sha1_base64="z41LDtzHVUz7O/vMGv1qmxLdGIk="></latexit>



datatype big =  
  Xb of t1  
| Yb of t2  
| Zb of t3 

datatype small =  
  Xs of t1  
| Ys of t2



big product

small product

small sum

big sum



Nothing

LinkedListTCPSocket

Int Bool Cat Dog Socket Image List

Animal ContainerEnum

Any



any value is an instance of Any 

what is an instance of Nothing?



⊤
<latexit sha1_base64="HEimac2AyLDDYHcCGW0WQT8FgPY="></latexit><latexit sha1_base64="HEimac2AyLDDYHcCGW0WQT8FgPY="></latexit><latexit sha1_base64="HEimac2AyLDDYHcCGW0WQT8FgPY="></latexit><latexit sha1_base64="HEimac2AyLDDYHcCGW0WQT8FgPY="></latexit>

⊥
<latexit sha1_base64="uWPlfs4I7xv4tRXYxr/6tPL4kbY="></latexit><latexit sha1_base64="uWPlfs4I7xv4tRXYxr/6tPL4kbY="></latexit><latexit sha1_base64="uWPlfs4I7xv4tRXYxr/6tPL4kbY="></latexit><latexit sha1_base64="uWPlfs4I7xv4tRXYxr/6tPL4kbY="></latexit>

lattices
joins and meets



consequences of the bottom type?



consequences of the top type?



ascription and casting

Γ ⊢ e : τ
Γ ⊢ e as τ : τ

<latexit sha1_base64="Sk9gbZF6XOS3QMrm2clG+7XffMU="></latexit><latexit sha1_base64="Sk9gbZF6XOS3QMrm2clG+7XffMU="></latexit><latexit sha1_base64="Sk9gbZF6XOS3QMrm2clG+7XffMU="></latexit><latexit sha1_base64="Sk9gbZF6XOS3QMrm2clG+7XffMU="></latexit>



ascription and casting

Γ ⊢ e : τ
Γ ⊢ e as τ : τ

<latexit sha1_base64="Sk9gbZF6XOS3QMrm2clG+7XffMU="></latexit><latexit sha1_base64="Sk9gbZF6XOS3QMrm2clG+7XffMU="></latexit><latexit sha1_base64="Sk9gbZF6XOS3QMrm2clG+7XffMU="></latexit><latexit sha1_base64="Sk9gbZF6XOS3QMrm2clG+7XffMU="></latexit>

completely useless, right?



ascription and casting

Γ ⊢ e : σ
Γ ⊢ e as τ : τ

<latexit sha1_base64="U2iUVfHHcyDmVW6jgZcRa26FlNc="></latexit><latexit sha1_base64="U2iUVfHHcyDmVW6jgZcRa26FlNc="></latexit><latexit sha1_base64="U2iUVfHHcyDmVW6jgZcRa26FlNc="></latexit><latexit sha1_base64="U2iUVfHHcyDmVW6jgZcRa26FlNc="></latexit>



ascription and casting

Γ ⊢ e : σ
Γ ⊢ e as τ : τ

<latexit sha1_base64="U2iUVfHHcyDmVW6jgZcRa26FlNc="></latexit><latexit sha1_base64="U2iUVfHHcyDmVW6jgZcRa26FlNc="></latexit><latexit sha1_base64="U2iUVfHHcyDmVW6jgZcRa26FlNc="></latexit><latexit sha1_base64="U2iUVfHHcyDmVW6jgZcRa26FlNc="></latexit>

how do we make this safe at runtime?



functions

σ1 <: τ1 σ2 <: τ2
σ1 → σ2 <: τ1 → τ2

<latexit sha1_base64="Tzmzb82+FCHKrS1OXKJ12v2F5Kw="></latexit><latexit sha1_base64="1LvfAQKkS7+VmC0atDiYbGp53Kk="></latexit><latexit sha1_base64="1LvfAQKkS7+VmC0atDiYbGp53Kk="></latexit><latexit sha1_base64="JHqY+QG9NI+8NFCz6bXPOg/+3BE="></latexit>



functions

σ1 <: τ1 σ2 <: τ2
σ1 → σ2 <: τ1 → τ2

<latexit sha1_base64="Tzmzb82+FCHKrS1OXKJ12v2F5Kw="></latexit><latexit sha1_base64="1LvfAQKkS7+VmC0atDiYbGp53Kk="></latexit><latexit sha1_base64="1LvfAQKkS7+VmC0atDiYbGp53Kk="></latexit><latexit sha1_base64="JHqY+QG9NI+8NFCz6bXPOg/+3BE="></latexit>



functions

τ1 <: σ1 σ2 <: τ2
σ1 → σ2 <: τ1 → τ2

<latexit sha1_base64="ZVU0RFVmtaKKtGkzcVRczu/xdbI="></latexit><latexit sha1_base64="8xuSGWxndp2IYJzIiOlSUehhNa4="></latexit><latexit sha1_base64="8xuSGWxndp2IYJzIiOlSUehhNa4="></latexit><latexit sha1_base64="vBgB9Jyfq43mDlSW3TtpnCDX7MM="></latexit>

functions are covariant in the codomain 
and contravariant in the domain!



references

σ <: τ
σ ref <: τ ref

<latexit sha1_base64="ALdf6kNpUGp4tz8549DQ7q/clRk="></latexit><latexit sha1_base64="ALdf6kNpUGp4tz8549DQ7q/clRk="></latexit><latexit sha1_base64="ALdf6kNpUGp4tz8549DQ7q/clRk="></latexit><latexit sha1_base64="ALdf6kNpUGp4tz8549DQ7q/clRk="></latexit>



references

σ <: τ
σ ref <: τ ref

<latexit sha1_base64="ALdf6kNpUGp4tz8549DQ7q/clRk="></latexit><latexit sha1_base64="ALdf6kNpUGp4tz8549DQ7q/clRk="></latexit><latexit sha1_base64="ALdf6kNpUGp4tz8549DQ7q/clRk="></latexit><latexit sha1_base64="ALdf6kNpUGp4tz8549DQ7q/clRk="></latexit>



references

σ <: τ τ <: σ
σ ref <: τ ref

<latexit sha1_base64="Z0kPoqXTz6+A2hz/I2bO5M4TAks="></latexit><latexit sha1_base64="Z0kPoqXTz6+A2hz/I2bO5M4TAks="></latexit><latexit sha1_base64="Z0kPoqXTz6+A2hz/I2bO5M4TAks="></latexit><latexit sha1_base64="Z0kPoqXTz6+A2hz/I2bO5M4TAks="></latexit>



references

in effect, the types have to be equal,  
making references invariant! 
(modulo field reordering)

σ <: τ τ <: σ
σ ref <: τ ref

<latexit sha1_base64="Z0kPoqXTz6+A2hz/I2bO5M4TAks="></latexit><latexit sha1_base64="Z0kPoqXTz6+A2hz/I2bO5M4TAks="></latexit><latexit sha1_base64="Z0kPoqXTz6+A2hz/I2bO5M4TAks="></latexit><latexit sha1_base64="Z0kPoqXTz6+A2hz/I2bO5M4TAks="></latexit>



sources and sinks

Γ ⊢ e : τ src
Γ ⊢ !e : τ

<latexit sha1_base64="C52VMfR3kBZw88gigmNHwo1eiPg="></latexit><latexit sha1_base64="C52VMfR3kBZw88gigmNHwo1eiPg="></latexit><latexit sha1_base64="C52VMfR3kBZw88gigmNHwo1eiPg="></latexit><latexit sha1_base64="C52VMfR3kBZw88gigmNHwo1eiPg="></latexit>

Γ ⊢ e1 : τ sink Γ ⊢ e2 : τ
Γ ⊢ e1 := e2 : unit

<latexit sha1_base64="3C49wygj0maAnOmK879sFhMsTdM="></latexit><latexit sha1_base64="urquSKaGT46ZFKqVyTicgnOo69g="></latexit><latexit sha1_base64="urquSKaGT46ZFKqVyTicgnOo69g="></latexit><latexit sha1_base64="aGbgq66BzyZaWF3kByVZ0Y1gG9k="></latexit>

also called “capabilities”



sources and sinks

σ <: τ
σ src <: τ src

<latexit sha1_base64="1dng+u/oW0FDZTXYZA9ISe+egm0="></latexit><latexit sha1_base64="spiM6Gozrvu9Re47jTlucVSFzBw="></latexit><latexit sha1_base64="spiM6Gozrvu9Re47jTlucVSFzBw="></latexit><latexit sha1_base64="zP3/7L4SbU9q1lCtA2C5cdlBcRU="></latexit>

τ <: σ
σ sink <: τ sink

<latexit sha1_base64="q0b89K88a5x6GEffh+dSAgW7FxE="></latexit><latexit sha1_base64="GUPY3bJwRKjo23/nT/QjMhOKpwU="></latexit><latexit sha1_base64="GUPY3bJwRKjo23/nT/QjMhOKpwU="></latexit><latexit sha1_base64="Y5w6ebkD66LvS7knWcYEQKoucCI="></latexit>

τ ref <: τ src
<latexit sha1_base64="6JGkQJSLM9f2LXC1SwByhozbsK4="></latexit><latexit sha1_base64="6JGkQJSLM9f2LXC1SwByhozbsK4="></latexit><latexit sha1_base64="6JGkQJSLM9f2LXC1SwByhozbsK4="></latexit><latexit sha1_base64="Sv7c93li2DzWA/tO5v07W2tRbQE="></latexit>

τ ref <: τ sink
<latexit sha1_base64="kynRMqlmjgy1+ucAgk+xt2hlXDA="></latexit><latexit sha1_base64="kynRMqlmjgy1+ucAgk+xt2hlXDA="></latexit><latexit sha1_base64="kynRMqlmjgy1+ucAgk+xt2hlXDA="></latexit><latexit sha1_base64="eiTtg1z2rO+7buB7SEhEDtMmSZ8="></latexit>



arrays

generalized references, so invariant?



arrays

what problems does this cause?

σ <: τ
σ [] <: τ []

<latexit sha1_base64="DYjtkf4fFO8OACZfTeLFbha46dA="></latexit><latexit sha1_base64="uMB8W6/z3Ke7Sy6XWltNLpe2G64="></latexit><latexit sha1_base64="uMB8W6/z3Ke7Sy6XWltNLpe2G64="></latexit><latexit sha1_base64="BY2YGq8wgJkUFB1LZbXEB3cL4CA="></latexit>





why is Java so complex? 

let’s return to System F…



8t.τ
<latexit sha1_base64="t1HHUnncsYfRlhIgtgq6q/ErvY8="></latexit>



8t <: T.τ
<latexit sha1_base64="WxQEuW1H5AIEeSEyWKfk0txPYas="></latexit>

bounded quantification



List<?>    // just ’a list



List<? extends Animal>



List<? extends Any>  // same as List<?>



List<? super Cat>



List<? super Nothing>



List<? extends Cat & Dog>

intersection type



List<? extends Animal & Comparable<?>>

F-bounded polymorphism



System F<:
<latexit sha1_base64="gwzJJUnjeihbDq2ETyiqWguhvC4="></latexit>

polymorphism + subtyping



universals: “kernel”

Γ,t <: υ ` σ <: τ
Γ ` 8t <: υ.σ <: 8t <: υ.τ

<latexit sha1_base64="bMoXI2JDaNoUf1CR1+74FSIFhU4="></latexit>

works only if υ does not change



universals: “full”

Γ ` τ1 <: σ1 Γ,t <: τ1 ` σ2 <: τ2
Γ ` 8t <: σ1.σ2 <: 8t <: τ1.τ2<latexit sha1_base64="FQidOFm5IqYz1M9UDsEQ12z+ohg="></latexit>

contravariant domain, like functions



full     seems easily more powerful… 

why have kernel version at all?

F<:
<latexit sha1_base64="gwzJJUnjeihbDq2ETyiqWguhvC4="></latexit>



theorem (Pierce, 1993).  

typechecking for full System         
is undecidable.

F<:
<latexit sha1_base64="gwzJJUnjeihbDq2ETyiqWguhvC4="></latexit>



¬σ , 8x <: σ.x
<latexit sha1_base64="is6f2qgjMHzcugZGAMzDtfjYync="></latexit>

first define

8x0.8x1.8x2.
¬(8y0 <: x0.8y1 <: x1.8y2 <: x2.¬x0)

<: 8x0.8x1 <: P.8x2 <: Q.
¬(8y0.8y1.8y2.¬(8z0 <: y0.8z1 <: y2.8z2 : y1.U))

<latexit sha1_base64="GHv2K2MnoCzNUq929WJxIJ+Mxmo="></latexit>

now attempt to check:

proof.



claim. 

the subtype checking terminates if and only 
if a counter machine with registers P and Q 
terminates on input U.

¬σ , 8x <: σ.x
<latexit sha1_base64="is6f2qgjMHzcugZGAMzDtfjYync="></latexit>

first define

8x0.8x1.8x2.
¬(8y0 <: x0.8y1 <: x1.8y2 <: x2.¬x0)

<: 8x0.8x1 <: P.8x2 <: Q.
¬(8y0.8y1.8y2.¬(8z0 <: y0.8z1 <: y2.8z2 : y1.U))

<latexit sha1_base64="GHv2K2MnoCzNUq929WJxIJ+Mxmo="></latexit>

now attempt to check:

proof.



theorem (Pierce, 1994).  

for each two-counter machine M there 
exists a typing judgment S(M) such 
that S(M) is derivable iff M halts.



List<? extends Integer & GreaterThan<One>>

dependent types



further reading

ch. 24, 25 of PFPL (by Harper) 

ch. 15, 16, 26, 28 of TaPL (by Pierce)


