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How many functions of this type? 

‘a -> ‘a



How many functions of this type? 

‘a -> ‘a

fn x => (print “hello”; x)



How many functions of this type? 

‘a -> ‘a

let fun f x = f x in f end



How many pure, total functions of this type? 

‘a -> ‘a



How many pure, total functions of this type? 

‘a -> ‘a -> ‘a



How many pure, total functions of this type? 

‘a list -> ‘a list

What do they all have in common?



Claim: all functions of type 

‘a list -> ‘a list

merely rearrange their input (insensitive to contents).



How many pure, total functions of this type? 

(‘a -> ‘b) -> ‘a list -> ‘b list

What do they all have in common?



Claim: all functions of type 

(‘a -> ‘b) -> ‘a list -> ‘b list

are close relatives of map.



Claim: all functions of type 

(‘a -> ‘b) -> ‘a list -> ‘b list

are just map composed with a rearranging function.



How many pure, total functions of this type? 

‘a -> ‘b



A fun isomorphism

<latexit sha1_base64="9Vg0BS21isdy7Twl4Ha00gzksbE=">AAACD3icbVC7TsMwFHV4lvIKMLJYVFRliRIEgrGIpWORaBupiSrHdVqrjh3ZDlIV9Q9Y+BUWBhBiZWXjb3DbDNByJMtH59yre++JUkaVdt1va2V1bX1js7RV3t7Z3du3Dw7bSmQSkxYWTEg/QoowyklLU82In0qCkoiRTjS6nfqdByIVFfxej1MSJmjAaUwx0kbq2dUbGGDBBzCfVGEQC4kYg74Da0bXAvpn869nV1zHnQEuE68gFVCg2bO/gr7AWUK4xgwp1fXcVIc5kppiRiblIFMkRXiEBqRrKEcJUWE+u2cCT43Sh2YZ87iGM/V3R44SpcZJZCoTpIdq0ZuK/3ndTMfXYU55mmnC8XxQnDFoTpyGA/tUEqzZ2BCEJTW7QjxEEmFtIiybELzFk5dJ+9zxLh337qJSbxRxlMAxOAE14IErUAcN0AQtgMEjeAav4M16sl6sd+tjXrpiFT1H4A+szx+MlZnV</latexit>

A ⇠= 8X.(A ! X) ! X



A fun isomorphism

<latexit sha1_base64="PL7NhgWxvArcHVlZwaIsAUW/voc="></latexit>

A ⇠= Ã , 8X.(A ! X) ! X

f : A ! Ã

f = �(x : A) ⇤(X) �(k : A ! X) k(x)

g : Ã ! A

g = �(h : Ã) h[A](�(x : A) x)



A fun isomorphism

<latexit sha1_base64="diKI5P9C70mzNyFtiIzftTpQpJ8="></latexit>

g(f(x))

= g(⇤(X) �(k : A ! X) k(x))

= (�(k : A ! A) k(x))(�(x : A) x)

= (�(x : A) x)(x)

= x

<latexit sha1_base64="BGEcuFB1duwoJr3hj31JB7u8Mck="></latexit>

f = �(x : A) ⇤(X) �(k : A ! X) k(x)

g = �(h : Ã) h[A](�(x : A) x)



A fun isomorphism
<latexit sha1_base64="BGEcuFB1duwoJr3hj31JB7u8Mck="></latexit>

f = �(x : A) ⇤(X) �(k : A ! X) k(x)

g = �(h : Ã) h[A](�(x : A) x)

<latexit sha1_base64="fl8m6EOD2CNyTiDcbGywnDDJkQg="></latexit>

f(g(x))

= f(x[A](�(x : A) x))

= ⇤(X) �(k : A ! X) k(x[A](�(x : A) x))





Theorems for free!

Not free as in beer, free as in monads 

Parametricity theorem (Reynolds) 

Formalizes intuition: ML polymorphic types are contracts



(* given some *) val r : ‘a list -> ‘a list 

(* for all *) val a : s -> t 

(* it is true that *) (map a) o (r : s list -> s list)  

(* is equivalent to *) (r : t list -> t list) o (map a)



(map Char.ord) (rev [#"a", #"b", #"c"]) 

= [99,98,97] : int list 

= rev (map Char.ord [#"a", #"b", #”c"])



(map (fn x => x + 1)) (tl [1, 2, 3]) 

= [3, 4] : int list 

= tl (map (fn x => x + 1) [1, 2, 3])



(map (fn x => x + 1)) (filter (fn x => x mod 2 = 0) [1, 2, 3]) 

= [3] : int list 

filter (fn x => x mod 2 = 0) (map (fn x => x + 1) [1, 2, 3]) 

  



(map (fn x => x + 1)) (filter (fn x => x mod 2 = 0) [1, 2, 3]) 

= [3] : int list 

filter (fn x => x mod 2 = 0) (map (fn x => x + 1) [1, 2, 3]) 

= [2, 4] : int list 



(map (fn x => x + 1)) (filter (fn x => x mod 2 = 0) [1, 2, 3]) 

= [3] : int list 

filter (fn x => x mod 2 = 0) (map (fn x => x + 1) [1, 2, 3]) 

= [2, 4] : int list 

filter (fn x => x mod 2 = 0) : int list -> int list







Polymorphic Troubles

(op =) : ‘a * ‘a -> bool 



Polymorphic Troubles

(op =) : ‘a * ‘a -> bool 

fun f [a, b] = if a = b then [] else [a, b] | f x = x (* oops *) 

: ‘a list -> ‘a list



Polymorphic Troubles

(op =) : ‘‘a * ‘‘a -> bool 

val f : ‘‘a list -> ‘‘a list 



Polymorphic Troubles

$ ocaml 

        OCaml version 4.10.0 

# (<);; 

- : 'a -> 'a -> bool = <fun>



A fun isomorphism
<latexit sha1_base64="BGEcuFB1duwoJr3hj31JB7u8Mck="></latexit>

f = �(x : A) ⇤(X) �(k : A ! X) k(x)

g = �(h : Ã) h[A](�(x : A) x)

<latexit sha1_base64="fl8m6EOD2CNyTiDcbGywnDDJkQg="></latexit>

f(g(x))

= f(x[A](�(x : A) x))

= ⇤(X) �(k : A ! X) k(x[A](�(x : A) x))



A fun isomorphism
<latexit sha1_base64="BGEcuFB1duwoJr3hj31JB7u8Mck="></latexit>

f = �(x : A) ⇤(X) �(k : A ! X) k(x)

g = �(h : Ã) h[A](�(x : A) x)

<latexit sha1_base64="fl8m6EOD2CNyTiDcbGywnDDJkQg="></latexit>

f(g(x))

= f(x[A](�(x : A) x))

= ⇤(X) �(k : A ! X) k(x[A](�(x : A) x))

<latexit sha1_base64="MH4JWPHf9ptxOgFwaRLeUxof1no="></latexit>

A7 h : 8X.(A ! X) ! X), i?2M
7Q` �HH b : B ! B0, f : A ! B,

b(h[B]f) = h[B0](b � f)

<latexit sha1_base64="4jMV8ER/7Dafn3hp/S4GGSBsohM=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIKChF1RlJwUL/EWwTwgG8LspNcMzs4uM71iWPIvXvwVLx6U4MWD/+LkIaixYJiiupruriCRwqDrfjgzs3PzC4tLy7mV1bX1jfzmVs3EqeZQ5bGMdSNgBqRQUEWBEhqJBhYFEurB3eWwXr8HbUSsbrCXQCtit0qEgjO0Ujtf8hEeUEfZVUj7tEtL1A9jzaSkjSLdv6A+xrRxMP4O6bcZu6D67XzBLboj0GniTUiBTFBp5wd+J+ZpBAq5ZMY0PTfBVsY0Ci6hn/NTAwnjd+wWmpYqFoFpZaMb+3TPKh1qd7NPIR2pPzsyFhnTiwLrjBh2zd/aUPyv1kwxPGtlQiUpguLjQWEqqb14GBjtCA0cZc8SxrWwu1LeZZpxtLHmbAje35OnSe2o6J0U3evjwnl5EscS2SG7ZJ945JSckzKpkCrh5JE8k1fy5jw5L87AeR9bZ5xJzzb5BefzC9eTopc=</latexit>

A7 h : 8X.(A ! X) ! X, i?2M



<latexit sha1_base64="I5q4FHg5sNTOStaGF46iMw+5hX8="></latexit>

f(g(x))

= f(x[A](�(x : A) x))

= ⇤(X) �(k : A ! X) k(x[A](�(x : A) x))

= ⇤(X) �(k : A ! X) x[X](k � (�(x : A) x))

= ⇤(X) �(k : A ! X) x[X](k)

= x

A fun isomorphism
<latexit sha1_base64="BGEcuFB1duwoJr3hj31JB7u8Mck="></latexit>

f = �(x : A) ⇤(X) �(k : A ! X) k(x)

g = �(h : Ã) h[A](�(x : A) x)


