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Existence

| want to prove there exists a set with property P.
Is one of these more useful?

@ Proof by contradiction: If such a set did not exist, we'd have a
contradiction (insert proof here), therefore it must exist

@ Direct proof: The set S has property P (insert proof here)
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Existence

| want to prove there exists an algorithm to convert SML into x86
assembly.

Is one method more useful now?
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Existence

| want to prove there exists an algorithm to convert SML into x86
assembly.

Is one method more useful now?

@ Proof by contradiction: If such a compiler did not exist, we'd have a
contradiction (insert proof here), therefore it must exist

@ Direct proof : CakeML (formally verified SML compiler)
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To Construct or Not To Construct

Two kinds of proofs
@ Non-Constructive : demonstrate the existence of a mathematical
object, but without telling you what it is
o Constructive : demonstrate the existence of a mathematical object
precisely by presenting an object and proving it has the desired
properties
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A Concrete but Boring Example

Does there exist a, b : R such that a, b irrational but a® rational?

@ Non-Constructive

If \/Eﬁ rational, we're done. Otherwise (\/Eﬁ)\@ = 2.

@ Constructive om0 )
Take a= /2 and b = logy9. Then v/2 5 = 9log2v2 — 93 — 3
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Constructive proofs are useful to computer scientists

Constructive proofs provide algorithms!

A proof that all natural numbers have property P must describe a way to
construct a proof of P(n) for each n: N

Hype for Types Constructive Logic September 15, 2020 7/26



Formalization B)

@ "You have to construct something” is pretty vague
@ How do we formalize what it means for a proof to be constructive?
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Formalization B)

@ "You have to construct something” is pretty vague
@ How do we formalize what it means for a proof to be constructive?

@ Decide what kinds of proposition we want to talk about
@ Inference rules!
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Formalization B)

A few reasonable kinds of proposition
o T

L

AANB

AV B

A= B

—A

[} = =
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Constructive Logic: Inference Rules
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Conjunction (A)

To get A A B (introduction), we need...

o = = £ DA
Hype for Types Constructive Logic



Conjunction (A)

To get A A B (introduction), we need... a proof of A and a proof of B:

rN-A r=B

Al
F-AAB
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Conjunction (A)

To get A A B (introduction), we need... a proof of A and a proof of B:

rN-A r=B

Al
rFAAB

Given A A B, we can extract two facts (elimination)...
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Conjunction (A)

To get A A B (introduction), we need... a proof of A and a proof of B:

rN-A r=B
r'-AnB

Given A A B, we can extract two facts (elimination)... A and B:

TEANB TFANB
rEa (B e B
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Implication (=)

To get A= B, we need...
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Implication (=)

To get A= B, we need... a proof of B assuming a proof of A
NAEB

l'FA=B

(=1
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Implication (=)

To get A= B, we need... a proof of B assuming a proof of A:

AFB

—— (=)
r'N-A=_B

Given A = B and A, we can extract...
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Implication (=)

To get A= B, we need... a proof of B assuming a proof of A:

AFB

— (=)
l'FA=B
Given A = B and A, we can extract... B:

r'-A=B TFA
N8B

(= E)
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Disjunction (V)

To get AV B, we need...
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Disjunction (V)

To get AV B, we need... a proof of A or a proof of B:

Mr-A r-B

" — Z Wi
rEave VW rEave VR
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Disjunction (V)

To get AV B, we need... a proof of A or a proof of B:

Mr-A r-B

" — Z Wi
rEave VW rEave VR

Given AV B, we can extract... nothing?
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Disjunction (V)

To get AV B, we need... a proof of A or a proof of B:

Mr-A r-B

" — Z Wi
rEave VW rEave VR

Given AV B, we can extract... nothing? But if we also have “given A,
then C" and “given B, then C," we can get C:

r-AVB T,A-C T,BFC
reC

(VE)
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Truth (T) and Falsehood (L)

To get T, we need...
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Truth (T) and Falsehood (L)

To get T, we need... nothing!

T Y
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Truth (T) and Falsehood (L)

To get T, we need... nothing!

— (T1/
r=Tm (Th
Can we get any information out of T7
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Truth (T) and Falsehood (L)

To get T, we need... nothing!

T Y

Can we get any information out of T? No!

How can we get 17
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Truth (T) and Falsehood (L)

To get T, we need... nothing!

T Y

Can we get any information out of T? No!

How can we get 1.7 We can't!
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Truth (T) and Falsehood (L)

To get T, we need... nothing!

T Y

Can we get any information out of T? No!

How can we get 1.7 We can't!
But given 1, we can obtain a proof of...
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Truth (T) and Falsehood (L)

To get T, we need... nothing!

T Y

Can we get any information out of T? No!

How can we get 1.7 We can't!
But given 1, we can obtain a proof of... anything!

M1
— (LE)
M- A
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What about Negation (—)?

What counts as a proof of —=A?
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What about Negation (—)7

What counts as a proof of —A?
We need to show something like "it's impossible to prove A"

Hype for Types Constructive Logic September 15, 2020 15 /26



What about Negation (—)7

What counts as a proof of —A?
We need to show something like "it's impossible to prove A"
Do we need new inference rules?
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What about Negation (—)?

What counts as a proof of —A?

We need to show something like "it's impossible to prove A"
Do we need new inference rules?
No!

—|AEA:>J_

—A means " If we can prove A, we can do something impossible”.
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All the rules!

M- A FI—B(AI) I'I—A/\B(AE) FI—A/\B(AE)
FEAAB r-A ' M-8 2
rAFB (1 rM-A=B FI—A(:>E) F-A Vi)
rFA= B r-B rFAVB * °
M-8 rel
(v (T — —(LE
FI—A\/B( 2) e (7D rra (L)

FTFAVB TLAFC T,BFC
rec

(VE)
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All the rules!

M- A FFB(AU FFAAB(AE) FFAAB(AE)
TFAAB r-A ! [ B 2
rAFB (1 rM-A=B rkA@?B F-A Vi)
A= B r-B rFAvB - *

r-B ML
I {VY —(TI — T (LE
FFAVB( 2) e (7D rra (L)
r-AVB T,AFC T,B-C
(VE)
M C

Question
Does this seem familiar...? J
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Programs are Proofs
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Back to the Simply-Typed Lambda Calculus

A T+B
(A1)
r-AAB
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Back to the Simply-Typed Lambda Calculus

lFe:A THe: B
M- (e, e): ANB

(A1)
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Back to the Simply-Typed Lambda Calculus
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Back to the Simply-Typed Lambda Calculus

lFe:AANB (AE)
MFfst(e): A
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Back to the Simply-Typed Lambda Calculus

Fr'-AAB

E
e VB
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Back to the Simply-Typed Lambda Calculus

Fe:AANB (AE)
[Fsnd(e): B °
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Back to the Simply-Typed Lambda Calculus

rAFB
r-A=B

(=1
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Back to the Simply-Typed Lambda Calculus

MNx:AFe: B
N-(Ax:A. e):A=B

(=1

o = = £ DA
Hype for Types Constructive Logic



Back to the Simply-Typed Lambda Calculus

rN-A=B THA

MN-B (

= E)
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Back to the Simply-Typed Lambda Calculus

lN-ege:A=B ITkFe:A

[Fe e:B

(= E)
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Back to the Simply-Typed Lambda Calculus

r=A

/
FI—A\/B(VI)
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Back to the Simply-Typed Lambda Calculus

M-e:A
NFLefte: AVB

(Vh)
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Back to the Simply-Typed Lambda Calculus
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Back to the Simply-Typed Lambda Calculus

le:B

FFRighte: AV B

(Vh)

o = = £ DA
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Back to the Simply-Typed Lambda Calculus

FTFAVB TLAFC T,BFC

(VE)
r=cC
or 9 = = 9ace




Back to the Simply-Typed Lambda Calculus

lFe:AVB I,xq:AbFe:C I,xx:BlFe:C

(VE)
l-case e of xy = e | xo = e3: C
Sy = T 9ac




Back to the Simply-Typed Lambda Calculus

e (7))
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Back to the Simply-Typed Lambda Calculus

o

o =) = = £ DA
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Back to the Simply-Typed Lambda Calculus

o = = £ DA
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Back to the Simply-Typed Lambda Calculus

le: L

I+ absurd(e) : A

(LE)

o = = £ DA
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Back to the Simply-Typed Lambda Calculus

l+e:A THe: B [Fe:ANB
: (A1) e~ (N\E1)
M- {(e,e):AAB M- fst(e): A
l-e:AAB (AE) Nx:AFe: B (= 1)
[Fsnd(e): B~ [F(Ax:A e): A= B
lFeg:A=B The:A [Fe:A
= E VI
e e:B (=6 T Lefte ave VM
Nl-e:B MN-e: L
. : (Vh) = (T]) — (LE)
[ Righte: AV B QT [+ absurd(e) : A

l'Fe:AVB Iixq:Abe:C Iixx:BlFe:C
NFcase egof 1 = e | xo = e3: C

(VE)
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Let's Prove Some Stuff!
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Some Examples

Theorem: Identity
Prove A = A.
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Some Examples

Theorem: Identity
Prove A = A.

Ax A x
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Some Examples

Theorem: Identity

Prove A = A. J

Ax A x

Theorem

Prove AN B = A. J
m] = = =

DA
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Some Examples

Theorem: Identity

Prove A = A. J
Ax A x
Theorem
Prove AN B = A. J

Ax 1 A x B. fst(x)
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Some Examples

Theorem: Identity

Prove A = A. J
Ax A x

Theorem

Prove AN B = A. J

Ax 1 A x B. fst(x)

Theorem: Currying
Prove (AANB=C)= A= B= C. J
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Some Examples

Theorem: Identity

Prove A = A. J
Ax A x

Theorem

Prove AN B = A. J

Ax 1 A x B. fst(x)

Theorem: Currying
Prove (AANAB= C)= A= B=C. J

M :AxB— C.Xa:A \b:B.f (ab), or Fn.curry in SML
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More Examples

Theorem

Prove L VvV T.

=] & = E DA
Hype for Types Constructive Logic



More Examples

Theorem
Prove L VvV T.

Right ()
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More Examples

Theorem
Prove L VvV T. J

Right ()

Theorem: Distributivity
Prove AN (BV C) + (AAB)V (AAC). J
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More Examples

Theorem

Prove L V T. J
Right ()

Theorem: Distributivity

Prove AN (BV C) < (AANB)V (AN Q). J

Ax : A x (B + C). case snd(x) of x; = Left (fst(x),x1) | x2 =

Right (fst(x), x2)

Ax : (Ax B)+ (A x C). case x of x; = (fst(x1), Left snd(x1)) | xo =
(fst(x2), Right snd(x))
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Even More

Theorem

Prove AA =A = B. In other words, AN (A= 1) = B.
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Even More

Theorem

Prove AA =A = B. In other words, AN (A= 1) = B.

Ax 1 A X (A — void). absurd(snd(x) fst(x))

=] & = E 2ENE
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Even More

Theorem
Prove AA =A = B. In other words, AN (A= 1) = B.

Ax 1 A X (A — void). absurd(snd(x) fst(x))

Theorem: Contrapositive
Prove (A= B) = (B = —A).
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Even More

Theorem
Prove AA =A = B. In other words, AN (A= 1) = B.

Ax 1 A X (A — void). absurd(snd(x) fst(x))

Theorem: Contrapositive
Prove (A= B) = (B = —A).

M :A— B.A\g:B —void. \x: A. g (f x)
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Is there anything we can't prove constructively?

@ Law of Excluded Middle : PV =P
@ Double Negation Elimination : =——P = P

(These are actually equivalent)
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So what?
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Practical Implications
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Practical Implications

@ If a computer can check if a program has certain type, a computer
can also check if a proof proves a certain proposition
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Practical Implications

@ If a computer can check if a program has certain type, a computer
can also check if a proof proves a certain proposition

@ Computers can automatically check if proofs are correct!
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Practical Implications

@ If a computer can check if a program has certain type, a computer
can also check if a proof proves a certain proposition

@ Computers can automatically check if proofs are correct!
@ Manually grading Concepts homework? A thing of the past!
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Practical Implications

If a computer can check if a program has certain type, a computer
can also check if a proof proves a certain proposition

Computers can automatically check if proofs are correct!

Manually grading Concepts homework? A thing of the past!

Mathematician writes a long proof and someone finds an error years
later? Fuggedaboutit!
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Practical Implications

If a computer can check if a program has certain type, a computer
can also check if a proof proves a certain proposition

Computers can automatically check if proofs are correct!

Manually grading Concepts homework? A thing of the past!

Mathematician writes a long proof and someone finds an error years
later? Fuggedaboutit!

Question
These proofs seem pretty boring, can a type system express more
complicated propositions?
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